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Hypersonic Viscous Flow Near the Stagnation 
Point in the Presence of Magnetic Field’ 


CHING-SHENG WU* 


Princeton University 


Summary 


The present study investigates the hypersonic viscous flow 
past blunt-nosed bodies with hydromagnetic interaction. Local- 
similarity solutions of flow field and temperature distribution are 
near the stagnation-point region. The may be 
grouped into two parts: the two-dimensional problem (circular 
cylinder) and axisymmetric problem (sphere). 

Numerical computations have been carried out for the sphere 
problem for the ‘‘viscous-layer regime,” with various magnetic 
field strengths and electrical conductivities. 


discussions 


Symbols 

Q = vorticity vector 

v = velocity vector 

p = pressure 

p = density 

H = magnetic field intensity 

B = magnetic induction 

n = unit vector normal to the discontinuity surface 

Me = magnetic permeability 

e = dielectric constant 

E = electric field 

D = electric excitation 

h = enthalpy 

ho = h + (v?/2) = total enthalpy 

T = temperature 

k = thermal conductivity 

® = viscous-dissipation function 

pe = het charge density 

® = curvature tensor 

y = spherical or polar radius 

r; = spherical or polar shock radius 

n = dimensionless radius (= 1r/rs) 

6 = symbol used to express jump of physical quantities 
across the gasdynamic discontinuity 

Superscripts 

(m) = thermodynamic quantities associated with mechanical 
action 

(e) = thermodynamic quantities associated with electro- 
magnetic action 

Subscripts 
$ = quantities immediately behind the discontinuity 
© = quantities in front of discontinuity 
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n = component of vector quantities normal to the dis- 
continuity, except when otherwise specifically noted 

t = local vector component of any vector quantity in the 
plane 

b = quantities on body surface 


(I) Introduction 


TT" FLOW FIELD behind the shock wave which stands 
off a blunt-nosed body in hypersonic flow has 
attracted a considerable amount of attention in recent 
years. However, because of its mathematical com- 
plexity, the problem has not been completely solved. 

A review of the literature reveals that theoretical 
studies have been based on essentially two fundamental 
approaches. The first method consists of looking for 
the so-called Newtonian solution and then improving 
it for realistic physical situations. The second method 
consists of finding local solutions near the stagnation 
point where, in many cases, the incompressibility ap- 
proximation may be employed. 

An interesting local solution was given by Lighthill 
(1957). A spherical shock was considered and a simi- 
larity solution found such that the boundary conditions 
immediately behind the shock wave were satisfied. 
Lighthill considered an incompressible and inviscid 
fluid in which the vorticity behind the shock is gener- 
ated by the nonuniformity of shock strength. For a 
given shock radius, free-stream velocity, and density 
ratio across the shock, the body surface on which nor- 
mal velocity vanishes may be found. An inviscid 
solution similar to Lighthill’s, but for a cylindrical 
body, was later found independently by Hayes (1958) 
and by Whitham (1957). 

Since these similarity solutions are quite simple and 
of considerable interest, it is natural to ask whether 
they may be extended to cover the magnetohydrody- 
namic case, that is, to include the hydromagnetic 
interaction when the fluid is electrically conducting 
and an external magnetic field is imposed. This study 
is interesting and significant because at hypersonic flight 
speed, the gas behind the shock wave becomes ionized 
and hence may be treated as a conductor. Kemp 
(1958) first investigated the extreme case in which the 
magnetic Reynolds number is considered to be vanish- 
ingly small and thus the induced magnetic field is 
completely ignored. This, of course, serves as only a 
rough approximation of the actual situation. 

In addition to Kemp’s work, a more complete solu- 
tion has been obtained lately by Bush (1958). Bush 
simplifies the integration scheme by imposing the 
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boundary conditions of the applied magnetic field on 
the shock wave (not on the body surface). Thus, the 
problem is reduced from a two-point to a one-point 
boundary problem and great mathematical simpli- 
fication is thus achieved. 

It is the purpose of this paper to point out that local- 
similarity solutions are also obtainable, if both hydro- 
magnetic interaction and viscous effects are taken into 
The following discussion can be grouped 
the two-dimensional problem and the 
The two-dimensional problem 


account. 
into two parts: 
axisymmetric problem. 
will concern hypersonic flow past a cylindrical body, 
and the axisymmetric case is essentially associated 
with a spherical body. It will be shown that exact 
solutions of the stagnation-point flow behind the de- 
tached shock wave may be obtained. These solutions 
are based on the “incompressible and constant prop- 
erty’? physical model and satisfy the Navier-Stokes 
equations. Furthermore, it is found that solutions for the 
temperature distribution are obtainable even when vis- 
cous dissipation and Joule heat are taken into account. 

Upon completion of the analytical part of the present 
study in November of 1958, it was pointed out by Prof. 
Wallace D. Hayes that a type of similarity solution 
related to that discussed in this paper had been con- 
sidered for the nonhydromagnetic case by Prof. R. F. 
Probstein in a recent WADC report (1958). A de- 
tailed discussion of this work appears in the book, 
“Hypersonic Flow Theory” by Hayes and Probstein. 

Mathematically, the class of similarity solutions 
found by Prof. Probstein takes into account variable 
density, viscosity, and thermal conductivity as follows: 


p = pir) 

KL = wo(r) cos 8 

k = k,(r) cos 0 

h = hj(r) + ho(r) sin 6 


where hi is the specific enthalpy. 

However, in applying this type of solution to actual 
hypersonic flight problems, it should be carefully ex- 
amined to see whether these postulated functional forms 
are realistic. This is important because in many aero- 
dynamic problems both yw and k& are temperature-de- 
pendent. In other words, we are not free to postulate 
the functional forms of wu, k, and the temperature, 
independently. The compatibility condition must be 
considered. 

Furthermore, it is possible to consider a spinning 
body. The spinning effect can reduce both the vis- 
cous-layer thickness and stand-off distance of the de- 
tached shock wave. The investigation of this more 
complicated case will be excluded from the present 
paper. 

(II) Some Simple Vorticity Relations in 
Magnetogasdynamics 


(a) A Generalization of Crocco’s Vorticity Law 


In the classical hydrodynamics in which the hydro- 


magnetic interaction is not considered, the vorticity 
law expresses the vorticity in terms of gradients of 
total enthalpy and entropy of the fluid as follows: 


(2.1) 


vxX Q2@=Vmy— TVS 


The vorticity law was first discovered by Crocco (1937) 
and has become a very important theorem in high-speed 
aerodynamics. As we know, in many physical prob- 
lems an entropy gradient will be set up behind a curved 
two- or three-dimensional gasdynamic discontinuity. 
(If the discontinuity is nonadiabatic, a gradient of total 
enthalpy may also This phenomenon is 
mainly due to the nonuniformity of the strength of the 
Hence, according to the vorticity law 


appear.) 


discontinuity. 
(2.1), such an entropy gradient becomes a measure of 
the vorticity distribution behind the discontinuity. 

However, since in the derivation of (2.1), no body 
force other than gravity is considered, a modification 
becomes necessary when a similar law is to be used in 
magnetohydrodynamics. In order to extend this 
vorticity law to include the presence of ponderomotive 
force, we shall first introduce some preliminary concepts 
so that the basic theory may be clarified. 

Before going further, we may first focus our interest 
on one instructive example which concerns the entropy- 
balance relation in hydromagnetic theory. It is well 
known that the entropy balance in a moving medium 
may, in general, be represented by the following ex- 
pression : 

(2.2) 


o(DS/Dt) = —div S7 + S, 


where S, is the entropy flux flowing away per unit 
area per unit time, and S, is the entropy production 
per unit volume per unit time. 

For a viscous and conducting fluid, Eq. (2.2) can 
be written specifically as follows: 


DS . kVT vT\? P J? 
Dt div (- T ) +e 7) i ae 
(2.3) 
where k is the thermal conductivity, ® is the viscous- 
dissipation function and J*/a is the Joule heat. The 
derivation of this equation is omitted here. However, 
the reader can find it from pertinent existing literature. 
From (2.3), it is seen that the viscous friction and elec- 
tric resistance contribute only to the entropy produc- 
tion and not to the entropy transfer. 

Thus, the total entropy change may be split into 


two parts, say, 
p(DS/Dt) = 


p((DS/Dt) | + p[(DS/Dt)|@ (2.4) 


The first term on the right represents the entropy 
change due to ‘“‘mechanical”’ action only and the second 
part at the right indicates the entropy variation due to 
electromagnetic action : 


(75\" v- ( eT) +e (Zt) +2 aii 
at) ae T T rT 


(28)" = 
ay? ia 


So) 
or 


(2.6) 
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From this example, two questions may naturally arise: 
first, whether the total entropy of a system may be 
considered as the sum of the entropy associated with 
mechanical and electromagnetic actions; and second, 
if the answer to the previous question is positive, 
whether we may extend the consideration similarly to 
other thermodynamic state variables. 

A systematic discussion along this line has been 
given by Chu (1957). It is shown in his paper that, 
generally, thermodynamic state variables such as 
enthalpy, internal energy, and pressure, etc., may all 
be considered as the sum of a mechanical part and an 
electromagnetic part, as long as the free energy of the 
system may be written as 

oA ties A™ | A 
where A = E + ST is the total free energy, A‘”” is 
associated with mechanical action only, and A“ is 
associated with electromagnetic action only. 

This conclusion enables us to separate the general dif- 
ferential equation of state 
dh = T dS + (1/p)dp + E-d(D/p) + H-d(B/p) (2.7) 
into two parts such that 

dh” = T dS” + (1/p)dp” (2.8) 
and 


dh® = TdS® + (1/p)dp® + 
E-d(D/p) + H-d(B/p) (2.9) 


Now, with this result, we may readily rederive the 
From the steady-state momentum 
equation, we have 


v X Q = (1/p)Vp™ + (1/2)Vv? — [(J X B)/p] 
(2.10) 


vorticity law. 


where Q is vorticity and J X B is ponderomotive force. 
If the material of the fluid is assumed to be uniform, 
Eq. (2.8) may be written as a gradient equation, thus: 


vh™ = TVS™ + (1/p)vp™ (2.11) 
Combining (2.10) and (2.11), we have 
vX Q=Vh” — TAS” — [(J X B)/p] (2.12) 


where Vio” = V[h™ + (1/2)v?] 


If we further decompose the vorticity vector into 
two components, one normal to the streamline, say 
Q,, and the other tangential to the streamline, say 
Q,, Eq. (2.12) may be rewritten as 


vQ, = (Oho /dn) — TIOS™/dn) — 
(J X B),/p|] 


where 0/0n indicates the gradient normal to the stream- 
line and (J X B), the normal component of the pon- 
deromotive force (we assume that nQ,, v and n form 
a right-hand system). 

From this generalized Crocco’s law we may therefore 
conclude that only the ponderomotive force normal to 


(2.13) 
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the streamline will contribute to the generation of 
vorticity. 


(b) Lighthill's Vorticity Expression on 
Magnetogasdynamics 

Lighthill (1957) provided an expression of the vorticity 
behind a three-dimensional curved shock in a uniform 
flow in terms of the density ratio, free-stream velocity 
and principal curvatures of the shock wave. He first 
showed that 


T dS = [1 — (1/R) J? vnodvno (2.14) 


where k is the density ratio (= p;/po), 7; and S; are 
temperature and entropy behind the shock wave, and 
v,9 is the local upstream velocity component normal to 
the shock wave. The derivation of expression (2.14) 
is based on Crocco’s vorticity law (2.1) and three basic 
equations of conservation, namely, 


Pond = PiVnl 
pono” i Po = Pini” + Pi 
(Vn0” '2) + ho = (Yar? 2) + hy 


(2:15) 


where /iy) and /; are enthalpies in front of and right be- 
hind the shock, respectively. 

Since conditions (2.15) also hold true in the present 
problem,* Lighthill’s result (2.14) is valid in the present 
discussion. 

From Eq. (2.12), if we write v = nv, + v, (where n 
is an outward-directed unit vector normal to the shock 
wave) we will obtain 


_JxB 
p 


Q, = 


9) 
Uni 


| va — TVS" x n (2.16) 
The symbol V, indicates that only the tangential 
derivative is included. Following the notations 
adopted by Lighthill, we again decompose Eq. (2.12) 
into two principal directions of curvature of the shock 
surface, namely, the directions a and b (the directions 
a, b, and » form a right-hand system). Thus, we have 
Qyin = 71(0S1/Ox%_.) + (J XK B)a/pi| (2.17) 

— Qavni = Ti(0S; OX») + (J x B), ‘p1| (2.18) 

Qo: _ —[(k <a 1)?/k |vqoRa 5 (J x B), pono | (2.19) 
(2.20) 


Qa = [(Rk — 1)? Rk |vnoR, ee lJ X B), po no | 
where ®, and ®, are the principal curvatures. Eqs. 
(2.19) and (2.20) can also be written in vector form: 
(k — 1)? n X (J X B) 
1 eR + Jie 
k Pond 


Qa, = (2.21) 

Again, it is instructive to show that this result may 
also be obtained by utilizing a method given by Hayes 
(1957) without recourse to the thermodynamic law. 
The details of this will be omitted here. 


* We consider the gas has finite conductivity and the mag- 
netic field has no discontinuity across the gasdynamic shock 


wave. 
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(III) The Local-Similarity Solutions 
In this part, we shall consider the fluid to be incom- 
pressible, viscous and electrically conducting, and the 


motion to be steady. According to magnetohydro- 


dynamic theory, we may list the governing equations 
as follows: 
div v = 0 (3.1) 
curl [curl v X v — (u,/47p) curl H X H] = 
vV? curlv (3.2) 
div H = 0 (3.3) 
curl [curl H — 4rou,v X H] = 0* (3.4) 


where magnetic permeability 


I 


M, 
o electric conductivity 
H = magnetic field intensity 
v= velocity vector 

vy = kinematic viscosity 

V* = Laplacian operator 


We have assumed that the physical properties of the 
fluid are constant. 


(a) Two-Dimensional Case 
(1) Functional Forms of Solutions—The similarity 

solutions under study will have the following functional 
forms: 

v, = V[f(n)/n] cos 6 

Ve — V|df/dn| sin 6 
H, = F{g(n) n| cos 6 
H, —H,|dg/dn| cos 6 


II 


| (3.5) 


where V and H, are the free-stream velocity and refer- 
ence magnetic field, respectively, and » = r/r, (7; = 
shock radius). 

Here, we have used a right-handed cylindrical co- 
ordinate system (z,7, 0). It is seen that the above 


similarity solutions satisfy the conditions 
divv = 0 
div H = 0 


automatically. Substituting the results (3.5) into 
(3.2) and postulating that near the stagnation point 
2sin@ =~ sin 20, we have 


d ff 1d df df {f ld df 
of(5-- 5 gS) 9S (2-2 gS) - 
dn \n? n dn dn dn \n? n dn dn 
Te 5 i | d (! 1d #) 
oA tie 0 — 
4apV? Ldn n° n dn dn 
> 42 ({ ld *)] 7 
~ dn \n? n dn dn 7 
v ( d d ‘\( ld | (3.6 
Vr; L\dn ’ dn n/\n n dn i dn — 


* In the present investigation, only classical continuum theory 
is used. Ohm’s law assumes the form 


J=o(E +X B) 


We postulate that the net charge density p, is zero, or say that 
the fluid is electrically neutral. 


If we denote 


M, = p-lH*/4xpV? 


: (magnetic-pressure number) 


Re = Vr,/v (Reynolds number) 


Eq. (3.6) may be further rewritten as 


254 ld df 
r dn f u ~ adn” 4 
M, ¢? d (2 nm ld nif) 
dn g\n*  ndn dy 
l e¢ 4 l f ld df ; 
Re (me "dn a on dn nn) . 


On the other hand, we will study the induction equa- 


7) 


WwW 


tion. Wecan write 


curl H — 4rou.v X H = 


E ({ ld z) 
ate n amg = 
r, \1’ n dn dn 


; df g dg f , ; - 
trop, VET, | - — sin 6 cos 0] i, = cE, (3.8) 
dn n dn n 


Since in the present problem we do not consider any 
imposed electrical field, the only electrical field is in- 
duced by the motion and must be in the 2-direction. 
However, from Maxwell’s field equation, 


OF,/08 = 0 0E,/dn = 0 


we see that /, is constant; however, if there is no electri- 
cal field at the wall, # must vanish everywhere. Utiliz- 
ing the assumption that 2 sin @ = sin 2@ in the stagna- 
tion point region, we may write Eq. (3.8) as follows: 


d dg J _dg dj ms 
n- — Rm (; : g- ) (3.9) 
dn dn n “ dy dn 
where Km = 4roy,r;V is called the magnetic Reynolds 


number. 

Hence, we have reduced the original differential sys- 
tem to two simultaneous ordinary differential equa- 
tions, namely, Eqs. (3.7) and (3.9). 

(2) Boundary Conditions—lIn this section, we shall 
discuss the boundary conditions associated with differ- 
ent physical problems. To do this, we shall group the 
total boundary conditions into two sets: one at the 
wall and the other just behind the shock wave. 

(4) Boundary conditions immediately behind the 
In the present problem, the shock wave 
Then the 


shock wave: 
is postulated to have cylindrical shape. 
velocity behind the shock wave may be written as 
follows: 


v% = Vsin@ (3.10) 


v, = —(V/k) cos 0 (3.11) 
where V is the free stream velocity and k is the density 
ratio across the shock wave (k = p/p-). 

One additional boundary condition to be fulfilled is 
the vorticity condition. From the previous discussion 
of the vorticity law in magnetohydrodynamics, the 


vorticity behind the shock wave will be 








886 JOURNAL OF 





( SPHERE ) 


os 


ee 





LIGHTHILLS INVISCID AND 
NON-MAGNETIC SOLUTION 
ata 7 











02 
=O Rm 702 
=| 
=02 
o 02 Q4 sary 06 08 Lo 
's'b 
Fic. 1. Flow field in the shock layer (Re, = 1000, ps/po = 10). 


(1 — k)? V sin 6 F, 
[ 22, |sroek ~~ —- -— | —— ' 
k rs pao V cos 0,_lenoex 
(3.12) 


where F, is the #@-component of ponderomotive force: 


F, u. (curl H X H)-ig 


tie V cos 0 de p.V cos 0 


He? ld 1 - 
well (! _ <= rt) e sin @ (3.13) 
n” n dn dn 


Anr,pV n 
Since at the shock wave y = 1, 
(1 — k)? V sin 6 
Q., shock = ~~ — 
Dla = 
Mp,kV sin 6 g | d Fd 
: - —/~. 
rs ” dn dnJ,-1 
(1 — k)? V sin 0 MpkV sin 6Rmg 
. , Me Tn 
k Ts r 


1 Af 
ie ~% | (3.14) 
dn dnt, =1 


In order to write conditions (3.10), (3.11), and (3.12) in 
terms of the similarity functions f and g, we use (3.5). 
Doing this, we readily find 


fl)=—-1/k f'(l)=—-1 (3.15) 
and 
(<2) eo 72 e4 e E dg | 
=3—-— ] m - — @ 
dn*/},,=1 k é k dn é = 
(3.16) 


This boundary condition is valid only when the shock 
layer is thicker than the viscous layer. Only then 
is the viscous effect on the vorticity behind the 
shock wave negligible. Again, if the viscous layer is 
as thick as the shock layer, the validity of boundary 
conditions (3.10) and (3.11) also breaks down. In that 
case, the shock wave can no longer be considered a dis- 
continuity. 

In the following discussion, we will adopt a mathe- 
matical model similar to Bush’s; that is, one in which 
the magnetic field in the free-stream region may be 
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described as that due to the presence of a two-dimen- 
sional dipole at the origin. The magnetic field is again 
postulated to be continuous across the shockwave. 
Since the fluid in front of the shock wave is noncon- 
ducting, the magnetic field in that region must be 
irrotational. Thus, the magnetic field may be written 
in the following analytic form: 


(3.17) 


H = [A + (B/n?)] cos 6i, + (B/n?) sin Oi, 


where -1 and B are arbitrary constants. 
Hereafter, we shall exclude the 1 cos @ part because 
the field strength should vanish at infinity; thus, 


H = (B/n?) cos 6i, + (B/n?) sin Oi, (3.18) 


Hence, if we write B = /J) on the shock wave, we have 


IT, = Hy cos 6 g(1) = 1 


: > 3.19 
H, = Hy sin 6 (dg/dn),-1 = —15 Gan 


Again, specification of the boundary conditions on the 
magnetic field at the shock rather than at the wall will 
simplify the mathematical problem considerably. 

Substituting (3.19) into (3.16), we obtain 
(d*f/dn*), <1 = 3 — (2/k) — k — MpRm(1 + ) (3.20) 

(B) Boundary conditions at the wall: The boundary 
conditions on the velocity field at the wall may be 
stated as follows: 


f'(n) = 90 = f(m) = 0 


The first condition of (3.21) is the nonslip condition 
(vg = 0 at the wall) and the second condition of (3.21) 
Of course, this implies no 


(3.21) 


is due to v, = 0 at the wall. 
mass injection. 


(b) Axisymmetric Problems 

(1) Similarity Solutions—With the same _ physical 
restrictions as postulated in the two-dimensional case, 
we may now extend our previous consideration to the 
spherical body. In this section, we shall investigate 
the similarity solutions associated with the stagnation 
point flow behind a detached shock wave with spherical 
shape. 

In the present discussion, the governing equations 
(3.1), (3.2), (3.3), and (3.4) are still valid. However, 
the similarity solutions are postulated in different 
functional forms: 


v, = V[2f(n)/n?] cos 6 

veo = V(1/n)(df/dn) sin 6 
H, = Hy[2g(n)/n?] cos 6 

Hy, = —H\(1/n)(dg/dn) sin 6 


(3.22) 


where the angle @ is measured from the axis of sym- 
metry and n = (r/7;) 

If the right-handed spherical coordinate system 
(r, 0, ¢) is used, we may obtain 


d|1 /2f df df[1 /2g dg 
SEC 2)] med [C820] 
dyn? \n® — dn?/. dyn Ln* \n dy 
2 4 | (: d id = ] *)] ( 
2 Re L\n dn . dn n/\n? n dn? sy 
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On the other hand, the induction equation may be 
written as 


2¢ 1g Srour.V if dg 
( sa | fa: ee («4 ‘ FH) - 0 (3.24) 
n° dn? n° dn ~° dn 


For simplicity, the parameter 4royu,r,V may be denoted 
by Km, the magnetic Reynolds number. Thus 


n?(d*g/dn?) — 2g = 2Rm|[f(dg/dn) — g(df/dn)| (8.25) 

Again, in obtaining (3.24), we have assumed sin 0 ~ 
(1/2) sin 20. 

(2) Boundary Conditions—In this section, we con- 
sider the boundary conditions on the functions f(n) 
and g(n). 

The velocity components immediately behind the 
shock wave will be 


(v;); = —(V/k) cos 0 (3.26) 


(v))> = V sin @ (3.27) 
where the subscript s indicates the quantity just behind 
the shock, k is the density ratio (= p/p.) and V is 
the free-stream velocity. From the definitions given 
in (3.22), we obtain the following boundary conditions: 


f(l) = —1/2k (3.28) 


(df/dn),-0 = —1 (3.29) 
Now, since the differential equation governing f(n) is 
of third order, we need one boundary condition inde- 
pendent of (3.28) and (3.29). To establish this third 
condition, we again apply the law of vorticity jump. 

Accordingly, the vorticity immediately behind the 
shock wave may be expressed as 


(1 — k)? V sin 6 F, 


(3.30 
k Y, wats 


(Q.)..9 = : 
Pare p.V cos 0 

where 7, is the shock radius and p,., the free-stream den- 
sity. In (3.30), we have postulated that the viscous 


effect is negligible just behind the shock wave. How- 
ever, 
F 4 sin 0 df _dg 
—_—* - — M,kRm (« — —f ‘) g (3.31) 
po V cos 6 rn dn dn 
and 


V sin 0 (2 “) 
Q, = ie mt 
Ys n° dn? 


& _ i) _ = 
n? dn?/],=1 k 


If lg 
4M,Rmk (« uf ‘) g 
n=1 


dn ~*~ dy 
Since on the shock now 7 = 1 and f = —1/2k, 
df/dn = —1, we therefore have 
d’f 2 
— =—-+2—k — 4M,kRm X 
dn? n=1 k 


1 dg 
—-—- 3.o¢ 
(« 2k _) | ta 


THE AEROSPACE 


SCIENCES DECEMBER, 1960 
The velocity must satisfy the nonslip condition at 
the wall; thus, without mass injection, 


F(t) = f'(%) = 0 


Again, we will specify the boundary conditions on the 
magnetic field at the shock wave. On the basis of 
assumptions similar to those made in the two-dimen- 
sional case, we can easily show that one set of per- 
missible boundary conditions has the form 


(H), = (2B/r,*) cos 6i, + (B/r,*) sin i, (3.34) 

or, if we denote JJ, = B/r,’, 
(H), = 2H cos 6i, + Hp sin 6i, (3.35) 
Eq. (3.35) was first considered by Bush (1958). Thus 
g(1) = 1 (dg/dy),-1 = —1 (3.36) 


Substituting (3.36) into expression (3.33), we have 


(d*f/dy*),25 = —(2/k) +2—k - 
4M,kRm[1 + (1/2k)] (8.37) 


(c) Temperature Field 


In addition to the flow field and stand-off distance, 
the temperature field and local temperature gradient 
at the wall are of interest insofar as heat transfer is con- 
cerned. In order to investigate the temperature dis- 
tribution, we refer back to the energy equation 


C,pv-VT = «V?T + ®+ (J?/o) (3.38) 


where V? is the Laplacian operator, ® is the viscous 
dissipation function, and J?/¢ is Joule heating. 

In realistic situations, especially hypersonic stagna- 
tion-point flow, the viscous dissipation and Joule heat- 
ing are, in general, small compared to the convection 
and conduction terms. Therefore, by way of approxi- 
mation and simplicity, the last two terms in (3.38) 
will be dropped. However, in the following discussion 
we will retain these two dissipation terms; it can be 
shown that a mathematically exact solution of the 
temperature distribution is still readily obtainable. 

In order to discuss the similarity solutions of tem- 
perature distribution, we consider the energy equation 
in cylindrical and spherical coordinates: 


or Vp | _ 
oC. E Or + r oo} 
(S 4 eo i 
. or? r Or 


or wor 
Co [ ot 4 BST] 


1 o?T (A X BP 
a+ - : 
r? = | + ° (4r)?o 


(cylindrical case) (3.39) 


Or r 00 
3 4 2°01 4 d re) in @ | 4 
or? r Or r? sin 6 06 a 00 
A X H)? 
®, + ae. (spherical case) (3.40) 


(42) ?o 


where ®, and ®, are dissipation functions in cylindrical 
and spherical coordinates, respectively. 
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Hereafter, we shall introduce four dimensionless func- 
tions, namely, Ri(n), Ro(n), Si(m), So(n), such that 


T-Qh= 5 : [Ri(n) cos? 6 + S,(n) sin? 6] 
(cylindrical case) (3.41) 

T-—-Hh= : - [Ro(n) cos? 6 + So(n) sin? 6} 
_ (spherical case) (3.42) 


7, is the stagnation temperature right behind the shock 
wave where the fluid may be treated as nonconducting 
and inviscid. 

Substituting (3.41) and (3.42) into (3.39) and (3.40), 
respectively, we obtain two sets of equations, one for 
the two-dimensional case, 


7 d?R, dk, 2R; 2S; 
-—— —~ +=) + 


Pr Re dn? n dn n” n° 
8 i f\? f dR 
(: ‘) a oe ae 
Re \dn n n dn 
Pr = uC,/0 Re = pV7s/u y = C,/C, 


ay a?s, 1 dS; 2S; | 27 
- — x 
PrRe (S n dn n° ’ n * , 
(: df f ay 2M py (! 1 d_ dg\? 
oo ee - — ” ) - 
n dn n” dn? Rm \n? n dn dn 
fdS 2 df 
( a . (Ri — S)) = 0 (3.44) 
n dn n dn 


M, = uello?/4rpV? Rm = 4rop.r,V 


and another for the three-dimensional case, 


Y (Ce 2 dR» 4(R. — ~) 
- + a aa + 
PrRe \ dn? 


n dn n° 
24 ae 2f dR» 
(4 ‘) —- = 0 (3.45) 
Re \dn 7? n? dn 
d?S»5 2 dS» 2( So = Rs ) 24 
(9 +19-"5M) + 
PrRe \ dn? n dn n” Re 


( d 1 df 4 zy 4 2M, (* l ay 
"dna dy 9? Rm *\n? — nd? 


2 df s 2f dS» 
-— (Re — Ss) + ——]=0 (3.46) 
n* dn n> dn 


where we have again employed the approximation 2 sin 
6 =~ 26 and furthermore, consider cos @ ~ 1, the above 
equations reduce to four ordinary differential equations 
independent of 6. This verifies that (3.41) and (3.42) 
are possible forms of the similarity solutions of the 
temperature field. 

The temperature and velocity fields right behind the 
shock wave are related according to 


T = Ty — (1/2C,)(v,? + 09?) (3.47) 


where C, is the specific heat at constant pressure. Eq. 
(3.47) is justifiable provided that 7> is constant in 
front of the shock and the viscous effect and heat con- 
duction are negligible just behind the shock wave. 


Therefore 


€4 ao 1) shock aa 
—(V?/2C,) [sin? 6 + (1/k?) cos? @] (3.48) 


Comparing (3.41) and (3.42) with (3.48), we obtain the 


boundary conditions: 


R,(1) = —(1/k? : : 
sg ,' two-dimensional case (3.49) 
Si 1) =] f 
RA(1) = —(1/R*)t _. a 
: - axisymmetric case (3.50) 
S(1) = -1 f : 


(1) Constant wall temperature: 


R, = Si = const. (cylindrical case) 


R, = Ss = const. (spherical case) 


(2) Constant wall heat transfer: 


dR,/dn = dS\/dn = const. (cylindrical case) 


dR:2/dn = dS:/dn = const. (spherical case) 


(2) is valid also for the case of an insulated wall. 
(3) Variable wall temperature: 


T = A cos? 6+ B sin’ 0 
(4) 07 /dr = D cos? 6+ E sin? 6 


Of course, one may consider that (1) and (2) are merely 
special cases of (3) and (4), respectively; but they are 
of utmost interest for practical reasons. 


(IV) Further Consideration of the Physical 
Problem 


In the previous analysis, constant density was as- 
sumed. It is well known that this assumption provides 
a good approximation near the stagnation-point region 
in the inviscid and nonmagnetic analysis of hypersonic 
flow. The justification is that since the pressure 
gradient across the shock layer is small, the density 
thus can be considered to be constant when the shock 
layer is thin and the temperature field is uniform. 
However, when the viscous friction and heat conduction 
are considered, this incompressibility approximation 
may be adopted only when the body temperature is 
of the same order of magnitude as the temperature 
right behind the shock wave. This is clearly so, since 
if the body is very cold, a large temperature gradient 
will be set up inside the viscous layer and then all tem- 
perature-dependent quantities may deviate signifi- 
cantly from the values immediately behind the shock 
wave. For this reason, in the present investigation, 
the body temperature is postulated to be very high, 
such that the temperature field in the shock layer is 
essentially uniform. This assumption may not be 
realistic, since no material at the present time can 
withstand that temperature. However, the main 
purpose of the present investigation is to study to what 
extent the skin friction and heat transfer rate will be 
reduced by the presence of hydromagnetic interaction. 
In fact, the present analysis has simplified the physical 
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model considerably. The complications due to many 
high-temperature phenomena, such as chemical and 
electronic reactions and radiation, have been ignored. 
Of course, neglecting these phenomena is not entirely 
justifiable in the study of realistic physical situations. 
Nevertheless, it is expected that the treatment of this 
idealized model should give some insight into actual 
physical problems. 

In general magnetohydrodynamic problems, there 
exist two independent similarity parameters besides 
the conventional hydrodynamic parameters. These 
two parameters can be written in many different forms. 
Those most commonly used are: 


M, = M.fti?/pV0? magnetic pressure number 

Rm = op VL magnetic Reynolds number 
or 

Om = oB,?L/pVo magnetic parameter 

Rm = on. VL magnetic Reynolds number 
Evidently, Q,, = \/,km. 


In the previous discussion, we have used the param- 
eters MM, and Rm. The reason for doing so is that 
MM, does not depend upon the physical properties of the 
fluid, but follows essentially from the imposed magnetic 
field intensity, //). Thus, by varying the values of 
M, and Rm, one may easily obtain a qualitative picture 
of hydromagnetic effects due to the variation of electri- 
cal conductivity o and the imposed field strength //). 
Generally, the former depends upon the flight circum- 
stances, whereas the latter is arbitrary and controllable 
for certain range of FT). 

In the present investigation we are mainly interested 
in the “viscous layer régime’ (using Probstein’s (1958) 
terminology). In this régime, the Reynolds number 
for the shock radius 7, is on the order of 1000 or larger, 


or 


Re, = Varsps/u 2 1000 


where |’., is the free-stream velocity and p, the density 
of gas in shock layer. 

In this case, we postulate that the viscous effect is 
insignificant right behind the shock wave. This as- 
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sumption is justified from Kemp and Probstein’s 
numerical results on nonmagnetic solutions. 
In the following computation, we further consider 
that 
k= p,/po = 10 vy = 1.22 
and 


Pr = 0:71 


M, = 0.1, 0.4, 
They will be 


Numerical solutions are obtained for 
and 0:5, and KR, = 0:2, 0.4, and 1.0. 


discussed in a later section. 


(V) Method of Integration 


The method of solution is straightforward. First, a 


‘’’ ig assumed and integration then proceeds 


value of f 
toward the body. 
determined by the 


following boundary conditions: 


The location of the body surface is 


simultaneous satisfaction of the 


f(m) = 0 
and 


(df/dn), =», = 9 N» 


=, = Tels 


where 7, is the body radius. If the assumed value of 
f’’’ does not provide a solution which satisfies the above 
conditions at the same value of m,, another trial value of 
f’’’ should be assumed. Thus, in order to obtain the 
actual solutions of f(y) and g(n), several trials are 
usually necessary. 

After the solutions of f(n) and g(n) are known, we may 
further solve for R(m) and S(m). It is seen that the 
system that contains (mn) and S(n) is of fourth order 
and has two boundary conditions prescribed at the 
shock wave and another two at the body surface. This, 
at first glance, may give us difficulty if the above 
trial-and-error method is used. 

However, this difficulty may be removed if we intro- 
duce two new formations V(n) and ¢(n) defined as 

V(n) = RK, — S, (5.1) 
¢g(n) = RX, + S; 


The energy equations then transform to the following 
form: 


2Qy (: df f _ oy 2M ny (£ 1d ral =0 (5.3) 
Re, \n dn n? dn? Rm \n? n dn . dn} - 
19 1 dg fde 2 df 8 7a 2 1 df he 
y <2 + de] - fa af 5 4 87 (<2) 1 x ( d. -£_ 2) a 
PrRe, \_dn? n dn n dn n dn Re, \dn n/ © Re, \n dyn n° dn? 

2M, 1 d_ dg\? 
- ait —- 9) =0 (5.4) 
Rm \n? n dn dn 


for the cylindrical case, and 
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PrRe, dn? n dn n° n> dn 


y d*¢ 2d¢ 2¢ 2 dj 2f de 24y 
> ee eo ee ee ee 
PrRe, \.dn? n dn n° n° dy? n°’ dn Re; 


for the spherical case. The corresponding boundary 


conditions are 
g(1) = —(1/k?) -— 1 
¢( Np) = —? k? 


W(1) = —(1/k*) + 1 (5.7) 
V (m,) = { uaed. 


It is seen that Y now can be solved independently from 
yg and the integration is not difficult. After V is deter- 
mined, g may be obtained successively. 


(VI) Concluding Remarks 


The numerical computations of the axisymmetric 
case are carried out at the Princeton Computation 
Center of Electronic Associates, Inc., with the use of 
the PACE 1631 fully-extended analog computer. 
Experience has shown that the higher the value of 
Reynolds number, magnetic-pressure, or magnetic 
Reynolds numbers, the more sensitive is the assumed 
value of d*f/dn* on the shock wave to the solution of 
For this reason, for Reynolds numbers 
up to 3000 and J/, > 0.1 and Rm > 0.2, the analog 
computer was not able to give satisfactory solutions 
essentially because of the limitation on its accuracy. 
Thus, the following discussions are restricted to Re, = 
1000 ~ 2000, M@, < 0.05 and Rm < 1. A few inter- 
esting points may be concluded from the numerical 
computation. 

(1) The numerical results have shown that shock 
wave stand-off distance increases with increasing mag- 
netic pressure number and magnetic Reynolds number 
for a given viscous Reynolds number. However, for 
given ./, and Rm, the stand-off distance decreases as 
the viscous Reynolds number increases. These facts 
may be seen from Table 1. _ If we take a closer look at 
the results shown in Table 1, which are also plotted in 
Figs. 5 and 6, we note the interesting fact that the 
stand-off distance of the shock wave depends approxi- 
mately only upon the parameter /,:-Km. In other 
words, as long as the product 1/,- Km remains constant, 
the stand-off distance is almost invariant. 

This conclusion may be checked with Bush’s solu- 
tion in which similar fact is found. From the plot 
in Figs. 5 and 6, we see that the above conclusion is 
approximately independent of viscous Reynolds number 
and the density ratio, k. 

(2) Assuming the conclusion previously obtained is 
true for certain range of Rm and M,, we then may con- 
struct a three-dimensional surface 


(ro/f, nonmagnetic case, Rm- M,) 


7 E 4 2 dv ~ | 2f dv + 2 df q 27 
n° dn Re 


did ay 
"ann? dn n° 


2M, | 2 l Al _ 24y ( d “) oe 
=> + : ) (0.0) 
Rm ’ n® n dn? Re, \dn 7 


d sy 


dn n° 


11 df ory" 2M py | 22g 1 d*g |? 
(, c ay ’) 4 py | g = ( ‘| 0 (5.6) 
dn n* dn n° Rm {[n? n dn? 


as shown in Fig.7. From this surface, the approximate 
values of 7, may be extrapolated for variables Rm and 


M, within the ranges 
0 < Rm © 1.0 
0< M, < 0.5 


(3) The induced electrical current is calculated and 
plotted in Fig. 4. It is seen that the maximum induced 
current intensity occurs near the shock wave. 
reasonable because the strongest interaction will take 
The flow velocity vanishes on the 


This is 


place in that region. 
body surface and there is, thus, no induced current. 

(4) The induced magnetic field increases when the 
value of the magnetic Reynolds number and the mag- 
netic-pressure number are increasing. In order to 
illustrate this, a typical plot is shown in Fig. 3. The 


TABLE | 
M, Rm (r, — r)/to Rm M, (rs — 1)/T 
Re, = 1000 
0 1 0 0 0929 0.2 0 0.0929 
0.2 0.0977 0.1 0.0977 
0.4 0. 1022 0.4 0.1125 
1.0 0.1181 0.5 0.1186 
Re, = 2000 
0.1 0 0.08938 | &.2 0 0.0893 
0.2 0.0929 | 0.1 0.0929 
0.4 0.0977 0 4 0.1074 
1.0 0.1148 0.5 0.1147 
| r 
bd 


(*) non-magnetic 
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calculated results have indicated that the induced field 
intensity is appreciable when Rm > 0.2 and M,> 0.1. 
The ratio of the induced field intensity to the imposed 
field intensity is of order 1/1.4 for Rm ~ 0.2and M, ~ 1. 
That is, the induced field intensity is of the order of 
30-40% of the imposed field. Therefore, the assump- 
tion that the induced field is negligible is not applicable 
in this case. 

(5) The shape of the velocity profile of v@ changes 
when the fluid is highly conducting or a strong mag- 
netic field is imposed. To illustrate this, a few typical 
profiles are plotted in Fig. 2. It is seen that in case 
M, = 0.1, Rm = 1.0, the shape of 0/@srocx Changes con- 
siderably from that in the case W/, = 0. In addition 
to this, another plot of 7/7r.,,-4 and 0/@srocx against the 
dimensionless distance (r — %)/(r, — 1%) is given 
(Fig. 1). From this plot, we can see that the velocity 
components v@ and v, are appreciably reduced in case 
of large Rm (= 1.0) or M, (= 0.5). Asa result of this 
phenomenon, the stand-off distance of the detached 
shock wave increases and, as we shall see later, the skin 
friction decreases significantly. 

(6) In an attempt to discuss the skin friction situa- 


tion, a dimensionless parameter 


rRe ae (; =) 
p,V? sin 0 n dn?) wall 


is used. The numerical results may be shown as in 
Table 2. It is seen that for given values of Re,, p,, and 
V? sin 6 the skin friction 7 decreases with increasing 
values of J, and Rm as shown in Figs. 10 and 11. The 
physical implication of this result is that the viscous 
layer is thickened and the magnitude of the velocity 
component v, is reduced across the shock layer. 

(7) In addition to the skin friction parameter, 
another quantity we shall discuss is the heat transfer 
parameter, which is defined as 

—@gRe,Pr/(1/2)p;,V* 


Since 


p (*) V? | (s*) 294 
ae es oe aos 5 5 cost 
ila ©) Mas oS i 
(ir), | 
sin? 6 
dr] 
V? | (s*) 
iis 2C yr, L dn / t 
(= =) as ] 
- — sin’ 0 
dn dn / 
it is evident that 
g =) 
_ : = + 
«( V2/2C,9,) (F Z 


(= =) - gRe,Pr 
_ sin? é@ = — or 
dn dn / p;V*/2 


For simplicity, we further split this parameter into 
two parts, one of which is associated with the “‘stagna- 





TABLE 2 
rRe, rRe, 
VM, Rm psV? sin 8 Rm M, p,V? sin 9 
Re, = 1000 
0.1 0 21.80 0.2 0 21.80 
0.2 20.25 0.1 20, 25 
0.4 18.65 0.4 15.30 
1.0 13.83 0.5 13.60 
Re, = 2000 
0.1 0 27.60 0.2 0 27.60 
0.2 25.65 0.1 25.6. 
0.4 23.50 0.4 19. 1¢ 
1.0 16.90 0.5 16.75 


tion-point”’ heat transfer and the other of which is 


6-dependent: 
g=Gd+ sin’ 6 
In that case, we have 
(dR/dn)», = —qoRe.Pr/(p;V*/2) 


and (dS/dn),, — (dR/dn)», = —qGiRePr/(p,V*/2) 


The numerical results for Re, = 1000 are shown in 
Table 3. These results are also plotted in Figs. 8 and 
9. Two interesting points can be seen: 

(a) The stagnation-point heat transfer rate decreases 
as the magnetic-pressure number or magnetic Reynolds 
number increases. 

(b) For nonmagnetic cases, the total heat transfer 
rate increases with 6, the angle measured from the 
stagnation-point stream line. However, the value 
changes from positive to negative when the electrical 
conductivity and imposed magnetic field strength in- 
crease. This result implies that in the latter case, the 
total heat transfer rate will decrease with increasing 
values of 6. From the plots we have obtained in Figs. 
8 and 9, it is seen that for 1/,Rm > 0.04, g: is negative. 

Lastly, it should be remarked that since the nu- 
merical computations are carried out by an analog 
computer, the accuracy of the results may not be 
sufficient. However, the qualitative pictures obtained 
thus far should help us to get some insight into the 
physical aspects of the problem. 


(Continued on page 950) 











TABLE 3 

hs —qGoRe.Pr —qqRePr 
M;, Rm p,V*/2 p,V2/2 
0.1 0.0 11.06 0.81 
02 10 50 0 72 
0.4 9. 87 +2.31 
1.0 6.69 +4.15 

a — goRe.Pr —GiRePr 
Rm M> psV3/2 p.V*/2 
0.2 0 11.06 0.81 
0.1 0.50 0.72 
0.4 8.40 —1.80 
7.50 —3.01 





Simplified Vibration Analysis of Elastic nm 
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Sandwich Plates’ co 
‘ cou 
she: 
y : Y YY?’ whi 
YI-YUAN YU* 
the 
Polytechnic Institute of Brooklyn coo! 
of t 
nee’ 
m Vi = Poisson’s ratio 
ummary prol 
€; = E;/(1 — »p;?) 

In a sequence of three recent papers a new flexural theory of pi = shear modulus the 
elastic sandwich plates has been developed,!: 2 and, on the basis Ks = shear coefficient be a 
of the theory, the flexural vibration of sandwich plates has been low 
analyzed.* The theory is good for a very wide frequency range Ratios face 
that is of practical interest, but vibration analysis on the basis of he /I i 

: ° . ; : = f»/ ai 
the theory will in general be complicated due to the high order es a/™ - 
of the equations. For low frequency ranges and for ordinary bi = koa trea 
sandwich plates that have very thin face layers simplified treat- del = are — T 
ment of the vibration problem becomes possible and is discussed " Richie [2 ; ~~ sent 
P we a i = ry = © = [2/(1 — w) 
in this paper. Simpler equations of motion of sandwich plates "s <2 FI val Tp vers 
are introduced, and their accuracy is determined by comparing Vibrati titi ; 

. E 
with the previous more complete equations. ibration Quantities = 
w = circular frequency 
Q = (pi/m1)wh? a 
Symbols f = VQ/(1 + rr) 
General L = wavelength 
: A = 2rh/L 

subscript 1 = 1, 2, or 3, indicating the core, lower face, eli 

or upper face 

x,y = rectangular coordinates in plane of plate Introduction 

S = rectangular coordinate in thickness direc- Te Be 

tion I THE NEW FLEXURAL THEORY of the elastic sandwich 

prime = differentiation with respect to x plate which has been developed in three recent 

dot = differentiation with respect to time ¢ papers,'~* the transverse displacement was assumed 
Plate Quantities to be uniform across the plate thickness, and the dis- whe 

ie , placements in the plane of the plate were assumed to pili 

Ui, Vi, Wi = displacements in x, y, 2 directions ‘ a F . ° 

‘ i Hide, be of linear variations over the thickness, with the of tl 
w = transverse deflection of plate . é : ‘ 
be: she = changes of slope of normal to middle plane slope in the faces taken to be different from that in the sup] 
of plate in core and faces, respectively core. It was thus possible to include in the theory the T 

vr Vy = changes of slope of normal to middle effects of transverse shear deformations iti the core and dise} 
paced of plate in core, in x and y faces, the rotatory and translatory inertias of the core 
directions 5 aie ° 

Vo. Ma M sa Siienlileiag ail Scilla and faces, the flexural rigidity of the core, and the l 

Meri, Myi, MM ryi = > € y1S nts > ant . a 

Nii, Nyi, Ney; | = membrane forces flexural and extensional rigidities of the faces. In Ky 

Oxi, Qyi = transverse shearing forces addition, no restrictions were imposed upon the magni- 

Q: = Qn + Qr2 + Qus tudes of the ratios of the thicknesses, densities, and 

Qu = Qn + Qua + Qus elastic constants between the core and faces. The re- sa 

hy = half-thickness of core , " 

Y sults were therefore applicable to any symmetrically 
hy = thickness of each face ‘ oe ies in Ww 
h = h, + hy = total half-thickness of sand- arranged three-layered plate in general. In the vibra- 

wich plate tion studies of ordinary sandwich plates that have 

In = 2h°/3 relatively thin but heavy and rigid faces, the important 

: = 2h3/12) Al 

- my /12) factors were found to be the shear effect in the core, the 

2 = Zhoh 2 ° . ° ; "1 

F : _— th + (hn/2)}? rotatory and translatory inertias of the core, the it y1 

21 = <f2|N 2/a)\* ie = ‘ ? 2 | 

- ae ey ee ee translatory inertia of the faces (which also has rotatory _— 

pi = density effect about the middle plane of the sandwich plate), ates 

Ei = Young’s modulus and the joint effect of the flexural and extensional 

Received September 2, 1959. rigidities of the faces. When these factors were taken I (1 

+ This research was supported by the United States Air Force into account, the equations were shown to yield very Ky 
under Contract AF49(638)-453 monitored by the Air Force accurate results for frequencies over a wide range that 
Office o Scientific Research of the Air Research and Develop- is of practical interest. This can cover up to, say, 
ment Command. o ; ae : h 

¢ Peatesené; Deputies at Methanical Rasasing 20,000 cps or higher, as long as it is not too much higher 

The author is indebted to Professor R. D. Mindlin of Columbia than the first thickness-shear frequency. Whi 
University, who suggested the subject of this investigation. The wide frequency range that can be covered by the 
; cf J g ; the 1 
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new theory in the case of ordinary sandwich plates 
also has its penalty. It was shown* that, while the 
order of the equations of motion with respect to time 
could be lowered through neglecting the transverse 
shear deformation or the rotatory inertia of the faces, 
which are of no importance to ordinary sandwiches, 
the order of the equations with respect to the space 
coordinate could not be reduced because of the presence 
of the joint effect of the rigidities of the faces, which is 
needed even for ordinary sandwiches. The vibration 
problem is thus in general complicated when solved on 
the basis of the new theory. The complication may 
be avoided, however, if we are only interested in rather 
low frequency ranges and/or plates with very thin 
faces. In such cases simplified vibration analysis of 
ordinary sandwich plates becomes possible and is 
treated in this paper. 

Two sets of simpler equations of motion are pre- 
sented. The first set is essentially a special degenerate 
version of the more complete equations given pre- 
viously in the one-dimensional form,! and the second 





set is a modification of the first. The limitations of 
these equations are next determined, by comparing 
their results for the vibration of the infinite plate with 
those given by the previous more complete equations. 
The second set of simpler equations will be shown to be 
subject to less severe limitations and have better 
accuracy than the first. 


(1) Previous Results 


In the previous papers!~* as well as in this paper the 
sandwich plate under consideration has identical face 
The middle plane of the plate is taken to be 
In the z direction the thicknesses of the 


layers. 
the xy plane. 
lower face, core, and upper face extend from —h to —/, 
—h, to h,, and h, to h, respectively. 

In the one-dimensional plane-strain case! the dis- 
placements are of the form 

uu, = sy, Us, Uz = Fhy(yy — wo) + seo 
ie sek a 


WwW = We = Ww = w 


The displacement equations of motion are 


aly” + él 02" + eho [hy = ae 2)he\ [hivr” + (1 2)hop»" | —_ 2k (yr + w’) — 


2kopohe( Wo + w’) + hp, — 


eliyr” = 3s Qeohoh; |hiyr” + (1 2)hope” | re kmail (yy + w’) + yp, = plir + 2pehehy (hi, + (1 2)hoy2] 


pli + pol oe + 2 poh [hy + (1 2)he\ [hw + (1 2)hoye2] 


(1.1) 


JD, 


ZQkiymily(vr’ + w”) + 2koohe(Yo’ + w”) + p, = 2(piky + poh») Ww 


where €;/1;, €2/29, and 2/2 are the flexural rigidity of the core and flexural and extensional rigidities of the faces, and 


pili, pel2o, 2pi1, and 2p2h2 are similarly the rotatory and translatory inertias of the core and faces. 
of these quantities may be suppressed by putting the quantity equal to zero. 


The effect of each 
The transverse shear effect is, however, 


suppressed by putting « or x2 equal to infinity in the expressions of the transverse shearing forces. 
The complete frequency equation of the infinite sandwich plate has been obtained’ on the basis of Eqs. (1.1) and 
discussed in detail, but of particular interest here is the following simplified form: 


l (a cite poem ae pte o2 — Be (= \(e + prhz 
Ky pihy pity? “ Vk? pily 


l (2 =“ pels \ (ta 4 1 who + Ee 4 €21 09 
K} pil Myhy* Myh,* f Mih,* Myhy® 


in which all terms have been made dimensionless. 


it yields very accurate results for a wide frequency range for ordinary sandwich plates. 


9 
(7 Pr° ry) 


Jalu pol v2 
) ” b= ba pity*f sa 
] 4eli, €ol 0) \(3) , 
> = 0 (1.2) 
| ” 2«i(h?/ hy?) (= si Mihy*/ \mih,* 


Eq. (1.2) is important in that, within the limitations that 


rr, tM2rvA7 <I (1.3) 


As was shown in reference 3, 


some of these limitations may even be relaxed, and Eq. (1.2) still yields results with an accuracy comparable to those 


given by the exact elasticity theory. 


In terms of the various ratios, Eq. (1.2) may also be written as 


l 1 1 
(1 + 7,rn) (; + rn) i? — xe + r,)?(1 + 7,%n) + E + rorn(1 + ry + 
K] e e 


] 


, l \ ] 4 : 
1 + + fox] | A772 + + rorn(1 + 7p) | A4 . |. ; 2 2fn®)A® 0 (1.4 
. ( rn) (| ") rn) ( E ry ref n\ | + 12k,(1 r,)2 (; > res)er Tn’) ) 


While it is simple in Eq. (1.2) to identify the various quantities involved, Eq. (1.4) is more convenient for comparing 
the magnitudes of the different terms as well as for numerical calculations. 
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(2) First Set of Simplified Equations 


By taking the displacements in the form 


9) = 


where w, ¥,, and y, are functions of x and y, and by using the same variational procedure as in reference 1, the follow- 


= sy, U2, Uy = Fhy, 
Vy, Vo, V3 = Fhyy, (2.1) 
W, = UW. = Ww; = W 


ing stress equations of motion are deduced from the three-dimensional elasticity theory: 


(Oo Ox) [M71 “4. hy(Nz3 al 
(0 Ox) [M1 -f hy (Noy aad 


Nz2)] + (0/0y) [Mey + Mi(Noys 
N22) | + (0 oy) (Myr + hy(N,s Be 


(00, Ox) + (0Q, Oy) -t- pz = 2(pihy + pohs)w 


where 


B= 


Py 
pz 


The relation between the plate stresses and the plate displacements 


reference 1. In the isotropic case these are 


Oy, oy, 
Mn = aly (~ + yy zt), On = Qkyuhy ( 
oy, Oy, 
My = ely (> = | ad] On = Qkywrhy ( 
oy, : 
May, = wl — }, Mie 
yl Mi‘ il (> + ox ¢ 


ve + =) 
g ox J’ 

4 =| 
Vy oy /’ 


= Qrs i Q,2 a Qya = 0, 


cas Ny2) | —_ On + hip, = (pili + pola), 


(T2r3)e=n =i (T222)2 =—h 
(T2y3)2 =f, + (T2y2)2— h 
(023) 2=n mee (o22)2— h 


may also be derived in the manner shown in 


4 T fe) z re) y 
, > oy, ov, 
N oS N = evhyhy ( s + V2 “6 ) | (2.3) 
4 J Oy, we) | 
N ry2 = = N ry3 = oh h 2 f 
! Moh ( ie + ie | 


The shearing forces in the faces are zero because the faces have been taken as membranes; thus, we have 


Q; 


aed Qn, ; 


Q, = 


Q, 1 


For sandwich plates that have isotropic faces but orthotropic cores, the plate stresses in Eqs. (2.3) for the faces remain 


valid, and those for the core are replaced by 


N,2)] — Quy + Iipy = (elu + pela), (23 





oy, oy, Ow 
Mn =D “a + D, ie’ Qu = 2krCs5h1 (v, + =) 
dy, oy, Ow , \ 
Myr — D; dy + Dz Qe’ 2,1 = 2k Cash (v, + ~) aie 
OY, ws) | 
Min = D | | 
yl 4 (* v Ox J 
where D, = («: = ce) Tn, D, = (cx as ad In 
C33 C33 
D; = (cc aid ce) Tn, Ds = Coli 
C33 


and the array of elastic constants of the core material is defined by the following stress-strain relations: 


On = Cuén + C12€y1 + Cis€21 

Oyi = C12€71 + C22€y1 + Cogé1 

Cn = Cz + C23 €y1 + C33€21 

Tot = C44V yz 

ie = C55 V 271 

Tryl = C6 Y ry 


The displacement equations of motion are readily obtained by substituting Eqs. (2.3) and (2.4) in Eqs. (2.2). 


Thus, we find for the isotropic case 
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i l= l 
(ais = + ela — ”) Vy, + (<n $m 


) 


l — 3 ] — 2 l l 
(«ats 9 + €21 9 9 ”) Vy, + (<i = - + €2] 9 


2k mh (V7w +e)t pz 
V? = (07/Ox?) + (07/Oy’), 


where 


For sandwich plates with orthotropic cores, we have 


0*y, o*y 
(D, + e212) ox? + (Dz + rr) on + (Ds + wel) ( 
O*y, O*y, 


(Do + vre2l01) + (D3 + e121) 


dxdy 


2mcudhs & (Ye + Se) + 2ucah 2 (yy + 2") +p. 
" ox dy \"" Oy : 

The appropriate initial and boundary conditions are 
easily determined. The initial conditions consist in 
prescribing the initial values of y,, ¥,, w, vz, J, and w. 
The edge conditions require the specification of one 
member of each of the three products 


Nn) Wns 
[Masi + hy(Nnes — Nns2) lWs, Onrw 


and the surface conditions require the specification of 
one member of each of the three products 


[Mar + hy(Nus _— 


Pr(hivs), py(iyy), Ww 


The shear coefficient x; is to be determined by the 
same method described in reference 2—namely, by 
matching the lowest frequencies obtainable from the 
sandwich-plate and elasticity theories for the simple 
thickness-shear mode of an infinite plate. We con- 
sider only the isotropic case. By setting for the thick- 
ness-shear mode 


¥. =e", YW =w=0 


in Eqs. (2.5), it is found that 
am = (1/3) + 7 nlf? (2.7) 
The value of f needed in Eq. (2.7) is to be calculated 
from Eq. (13) of reference 2—.e., 
f tan f = 1/r7,r, (2.8) 


which was derived from the theory of elasticity for the 
simple thickness-shear mode of ordinary sandwich 


plates. Since Eq. (2.7) is the same as Eq. (14) of 


reference 2, the other conclusions deduced for such 


a9 
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Ox * 


9 


ow \ 
2kipihy (v. + ax ) + ip, = (plu + pela), 


+ ”) Oe , (2.5) 
2 Oy 


ow ' 
“) + np, = (alu + pola, 


2kimahy (v, + > 


= 2( pihy + polts)w 


e = (Oy,/Ox) + (Oy,/dOy) 


o°y, sa 
yy? ss Oxdy 


*) + hp, = (pli T puln)v, 
Ox 


re) 
2kiC55/y (v. + 


0*y- os) = (2.6) 
Oxdy Ox? 


ow s 
2k C4ahy (v, + =) + hp, = (pli + poloi)Py 


2( pihy — poly» \w 


plates in that reference become valid. For instance, 


it has been shown that 


9 


ga =- 12 


when 7,7, = O| 
x, = l approximately when 7,7, > 2f 


(2.9) 


which are consequences of Eqs. (2.7) and (2.8). 

In the one-dimensional isotropic case, the three dis- 
placement equations of motion reduce to the following 
two: 


(elu + eeTn)pr” — 2x yuly(y, + w’) + 
hip, = (pdu + poln)yz 
Qk (v,’ + w”) + p, = 2(pili + pohe)W 


(2.10) 


These may be deduced from Eqs. (1.1) of the more 
complete theory by assuming 


elope <eluvr 
2kouche( Wo + w’) < 2k mihi (Wy + w’) 


(1/2)h< hy, 
(1/2)heyo < hy, 


which are approximately true for plates with very thin 
faces. In this case, the first two Eqs. (1.1) become the 
same, and, on substituting y, for ¥:, both reduce to the 
first of Eqs. (2.10). The first set of simpler equations 
thus constitutes a special degenerate case of the pre- 
vious more complete equations. 

It is noted that Eqs. (2.5) of sandwich plates are anal- 
ogous to the equations of motion of homogeneous plates 
which take into account the effects of shear and rota- 
tory inertia—for instance, Eqs. (16) of reference 4.* 
Similarly, Eqs. (2.10) of the one-dimensional case are 


*Such analogy between equilibrium equations of sandwich 
and homogeneous plates has been depicted in reference 5. 
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analogous to the Timoshenko beam equations. Exist- 
ing solutions of such equations of homogeneous beams 
and plates may therefore be applied to sandwich 
beams and plates immediately. However, there is an 
important difference between the two cases—namely, 
while the equations of homogeneous plates always 
yield very accurate results for the lowest branch of the 
frequency curve (in the case of an infinite plate in plane 
strain) up to and even beyond the value of the cutoff 
frequency of the next higher branch, satisfactory re- 
sults for the lowest branch are obtainable from Eqs. 
(2.5) and others in the sandwich case only if certain 
conditions of restriction are fulfilled, as will be shown in 
a later section. 

Eqs. (2.5) and (2.6) of sandwich plates may be fur- 
ther simplified if the second branch of the frequency 
curve (in the case of an infinite plate in plane strain) 
is not to be considered, in which case terms involving 
rotatory inertias p,/;; and p2J2, may be disregarded. 
The flexural rigidity of the core is often much smaller 
than the contribution of the faces, and in such a case 
the terms involving e/J, Di, ..., Ds may be neglected. 
These additional simplifications, however, in general 
will not reduce significantly the amount of computa- 
tion work involved in the vibration analysis of finite 


sandwich plates. 


(3) Second Set of Simplified Equations 


Another set of simpler equations may be derived by 
assuming the displacements in the form 


Uy = BH,, U2, Us = Fly + (he 2) Ive) 
v1 = 2y,, V2,0; = F [hy + (heo/2)]y, (3.1) 
WY =—= Ms = w= Ww { 


The core of the sandwich plate could further be as- 
sumed to be arbitrarily extended slightly so that it 
would be joined to the faces at the middle planes z = 
+ [h; + (h2/2)] of the latter instead of at the interfaces 
z = +h,. By the method used in reference 1 and also 
in Section (2) of this paper it may be shown that this 
would lead to a set of equations very similar to Eqs. 
(2.2) to (2.6) of the first set, with the only difference 
that all /,’s in the latter equations were to be replaced 
by hy + (h2/2). 

Now that the above proposed extension of the core 
from z = +h, tos = +[h, + (h2/2)] is only imaginary, 
any replacement of i; by fh, + (h2/2) associated with 
the core itself would not seem justified. The replace- 
ment will therefore be made only when it concerns the 
faces.* This involves the replacement of h, either con- 





1 (em + dee + ee) —— Je (2 + prht 
K] pik pilty® on 7 h,? pily 
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tained in or directly connected with V,, .V,, N.,, Pz, P,, 
and Js in Eqs. (2.2) and (2.3). No change need be 
made in Eqs. (2.4). In the displacement equations of 
motion (2.5) and (2.6) it finally involves the replace- 
ment of J»; by Jo’, dyp, by [hy + (he 2) |p,, and hyp, by 
[hi + (h2/2)|p,. The equations thus obtained consti- 
tute the second set and will be referred to as Eqs. (3.2) 
to (3.6). 

The initial conditions for the first set of equations 
given in the last section remain valid for the second 
set, but the previous edge and surface conditions must 
be modified by replacing /; by h; + (/2 2). Similarly, 


the shear coefficient is now also different. For the 
simple thickness-shear mode Eqs. (3.5) vield 
qm’= [(11/3) +7,n(01 + nif? (3.7) 


where a third term 7,24 has been omitted from inside 
the factor (1 + 7,), which was not present in Eq. (2.7). 
To distinguish the two different shear coefficients, a 
prime has been inserted in Eq. (3.7). Eq. (2.8) may 
still be used, but the second of Eqs. (2.9) is no longer 
true. 

An analogy between the equations of sandwich plates 
and homogeneous plates still exists, also within certain 
limitations of the former, which are to be depicted in the 
next section. The limitations of the second set of 
equations are, however, not entirely the same as those 
of the first set. The second set may also be further 
simplified in the same manner as was described at the 


end of Section (2). 


(4) Limitations of Equations 


We shall now determine what limitations must be 
imposed upon the equations derived in the last two 
sections when they are applied to vibration problems of 
ordinary sandwich plates. For this purpose we derive 
on the basis of these equations the frequency equation 
of flexural vibration of the infinite sandwich plate, 
and compare the result with the frequency equation 
(1.2) or (1.4) based on the previous more complete 
equations. It is sufficient to consider the isotropic 
plane-strain case, as was done in reference 3. We start 
with Eqs. (2.5) of the first set. By putting in these 
equations 

br = py = p: = O 
W sin (Ax/h) sin wf 


v, = V,cos (Ax/A) sin wt 
y, = 0 


the frequency equation is easily found to be 


) + | (a8 + ==) + 
pil’ pil? 


II 


Ww 





(4.1) 


| (= 5 af ee \(o rs =) | x2t ~— | 4 = | i= 0 
Ky pily Mahty® — yh,? f Milty® ~— wy h,® 


* In this respect the present model of sandwich construction differs from that used in reference 6. 
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, l 
(1 — Y ln) (; — rn) Q? — } 1 + 7,)7(1 T Yiln) + (5 ss rn) i 
K = ™ 


The similarity between Eqs. (4.1) and (1.2), or (4.2) 
and (1.4), is noted. There are however three differ- 
ences: (a) p2:/2. in Eq. (1.2) has been replaced by pol» 
in Eq. (4.1), (b) e/2 has similarly been replaced by 
€2J/2;, and (c) the A® term which reflects the effect of the 
flexural rigidity of the faces is missing in Eqs. (4.1) and 
(4.2). Since the terms (1/3) + r,r7,(1 + 7) in Eq. 
(1.4) and (1 3) + r,r, in Eq. (4.2) are much smaller 
than the terms containing rr, immediately next to 
them, the replacement of p2l22 by p2/2; will not have 
much effect. As was observed in reference 3 and may 
be readily and explicitly shown to be true in the simpler 
case of the quadratic Eq. (4.2), the second root of Q 
is approximately equal to the quotient between the 
coefficient of the 2 term and that of the 2° term. Its 
value given by Eq. (4.1) or (4.2) is therefore very nearly 
equal to that given by Eq. (1.2) or (1.4). 

The other two items (b) and (c) affect mainly the 
lower root of 2, which may be computed approximately 
by dividing the constant term by the coefficient of the 
(2 term, as may also be explicitly shown to be true for 
Eq. (4.2). Since the coefficient of the 2 term is essen- 
tially the same in Eqs. (4.2) and (1.4), the difference 
between the lower roots of these equations will be ap- 
proximately proportional to the difference between 
their constant terms. Since 7 for ordinary sandwich 
plates is much smaller than 727, the difference between 
the constant terms is seen to be negligible if 

Totn® 

a a (4.3) 
12(1 + 7,)° 
which result irom the above items (b) and (c), respec- 
tively. In addition to the conditions in (1.3), there- 
fore, those in (4.3) must be further imposed if the first 
set of equations presented in this paper is to yield ac- 
curate results for the lower branch of the frequency 


Porp,? 


curve. When the conditions in (4.3) are not satisfied, 
the approximate error in the lower frequency calculated 
from Eq. (4.2) as compared with that from Eq. (1.4) is 


equal to 


s - ‘ 
V2—-— V2 : Yorn ‘ 
wseil—ilil+rnt d* 


V2 12k,(1 + 1)? 
(4.4) 


where 2 and ’ are the lower roots of Eqs. (1.4) and 
(4.2), respectively. The error does not vanish even 
for very long waves, that is, for very low frequencies. 
For r, = 1/10, the minimum error is about 5 per cent. 
The error increases with 7, (thicker faces), and also 
with \ (higher frequencies). 

The frequency equation may similarly be derived 
from Eqs. (3.5) of the second set. The result is of the 
same form as Eq. (4.1), the only difference being that 
Js; in the latter equation is now replaced by Ie’. In 
terms of the ratios, it takes the form 


] | 
, (1 = Vn) | - r tnd + rn | 0 a 
kK} 3 


l 
(1 + rn)?(1 + 7,9) + k . + tl + nt + 


: 
a 


I 
- {1 + ¢7a) 13 ry + ror, (1 + rk] ( Q+ 


Ky} 


| 
|; ht, + ror, (1 + r) | At‘ = 0 (4.5) 


where a third term r,”/4 has been dropped from inside 
each of the additional factors (1 + r,) which were not 
present in Eq. (4.2). Eq. (4.5) is again different from 
Eq. (1.4). However, the limitations of Eq. (4.5) may 
be shown to be less restrictive than those of Eq. (4.2), as 
follows. The respective lower roots of Eqs. (1.4) and 
(4.5) are approximately 


(b= te) + _ # ? , 
ror,A4 12«,(1 + r;,)* 0’ ror,r4 (1 —° Fa? 
Q = - - : qo = 
a 1 + 7,f, TTrn 1 + rrp, : rot (1 + rp) .. 
: (1 + %)* + A~ re (1 + 7,)° + ; A~ 
Kk} A} 
The difference between the lower frequencies is therefore given by 
, Ki’ ref,(1 + 7) . 7" 
’ , (1 + F,)” a : 2 
Vi wt | (1 - 7%) Ki(1 + 7) K) 
VQ ; ofp? ‘ " ror, (1 +t T,) ; 
(1 +r) + d (1 + rn)? + ——* : 


/ 
12«,(1 + r,)~ 


K} 
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r ror n®d? _-—-_ _ 
| 12«:(1 + rn)? | (a) (b) (c) 
| Eq. (1.4) | Eq. (4.5) | Eq. (4.2) 
0 O 0 0 0 
0.05 0.000828 0.01754 0.01754 0.01675 
0.1 0.00331 0.0445 0.0443 0.0424 
0.5 0.0828 0.257 0.247 0.236 


1.0 0.331 0.567 0.496 0.474 


which is easily seen to be always positive as it is in 
Eq. (4.4) and is seen to approach zero if 
— 
12K:(1 + rn)? 


/ 


(4.6) 


l a 


K} 
ki(1 + 7) 
The second of these conditions, according to Eqs. (2.7) 
and (3.7), leads to 


Yn 


———_ <] 4.7 
(1 + 3ryrn)(1 + 7) aie 


While condition (4.6) is the same as the second of 
(4.3), condition (4.7) is certainly less restrictive than 
the first of (4.3). The second set of equations in Section 
(3) therefore yield more accurate results for the lower 
branch of the frequency curve than the first set in 
Section (2). The second set is somewhat less accurate 
for the higher branch, but this need not concern us, 
because the present simplified treatment aims at low 
frequency ranges. 

To illustrate the above discussion, we present the 
numerical results calculated from Eqs. (1.4), (4.2), and 
(4.5) for one of the cases that has been treated in refer- 
ence 3, in which the core material is cellular cellulose 
acetate and the face material aluminum. The various 
ratios are 


r, = 1/10, 1, = 34.4, 17, = 1683, 
r, = 2.20, 1 


= 4790 
Eqs. (2.7) and (3.7) yield 
x = 0.997, «’ = 1.086 


The results for +/Q together with the percentage dif- 
ferences for the lower +/Q are listed in Table 1 for 


Lower Value of /2 


12.54 16.40 ] 
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TABLE 1 


Higher Value of VJ/2 


% diff. % diff. 
(a) & (b) (a) &(c) | Eq. (1.4) Eq. (4.5) Eq. (4.2) 
0 0 0.565 0.565 0.565 
0 3.93 0.800 0.800 0.800 
0.45 4.72 1.262 1.267 1.262 
3.89 8.17 5.66 5.69 5.66 
1 


.28 11.35 11.28 


several values of X. The ratio 
ro¥p,°?7/12K,(1 + 7)? 


is also included for reference. 
Since 
Yh 

= 0.00803 

(1 + 37,7,)(1 + 1) 
condition (4.7) is satisfied. Condition (4.6) is likewise 
satisfied for \ = 0.05 and 0.1, for which Eq. (4.5) is 
therefore very accurate, and its results for lower 
+/Q differ only very slightly from those of Eq. (1.4). 
On the other hand, since 7, = 1/10 does not quite ful- 
fill the first condition in (4.3), Eq. (4.2) is not very 
accurate even for \ < 0.05. The cutoff value /Q = 
0.565 of the higher branch corresponds to a frequency 
of w = 10,600 cps when # = 0.3 in. The frequency 
corresponding to +/Q = 0.0445 for \ = 0.1 is 836 eps, 
which gives an idea of the approximate frequency 
range that can be covered adequately by the equations 
presented in this paper. 
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Combustion in the Boundary Layer on a 
Porous Surface 


ALAN Q. ESCHENROEDER* 
Cornell University 


Summary 


The position of the diffusion flame in a boundary layer with 
uniform mixture injection from a porous wall parallel to a uniform 
air stream is determined under the conditions of laminar, steady 
flow with zero streamwise pressure gradient. Under the as- 
sumption of fast forward reaction rate, solutions of the boundary 
layer forms of the conservation laws of aerothermochemistry are 
obtained leading to a formula for the downstream velocity at 
the flame in terms of composition and flow variables. The 
rates of change of conditions at the wall in the streamwise 
direction are be relatively small. Methods of 
treating complex reaction systems are described, and a generalized 


assumed to 


form of the Reynolds analogy is developed. 


Symbols 
cy = friction coefficient 
€» = constant pressure specific heat at constant composition 
D = diffusion coefficient 
HY = constant pressure heating value 
h = specific enthalpy (defined in Eq. 5) 
k = thermal conductivity 
Le = Lewis-Semenov number, pDZp/k 
m = mass concentration 
n = total number of species present 
Pr = “frozen’”’ Prandtl number, @,u/k 
Q, = volumetric rate of energy production due to chemical 
reaction 
q = heat flux 
r = stoichiometric constant of proportionality 
T absolute temperature 
U;, free stream velocity 
u = local downstream velocity 
ui = nondimensional local downstream velocity, u/U; 
v = local normal velocity 
Wx = volumetric rate of production of species K 
¥,x = downstream distance from the leading edge 
y = normal distance 
B = blowing ratio, povo/p,U1 
uw = absolute viscosity 
é = nondimensional distance, 82p;U\x/m 
p = density 
T shear stress 
®, = mass equivalence ratio 
Subscripts 
a@ = region between flame and wall 
b = region between flame and free stream 
e = conditions at entrance of porous wall 
f = fuel species 
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K = species index 
Mo = mixture 
0 = conditions at porous wall surface 


? oxygen species 
+ = conditions at diffusion flame 
l = conditions at free stream 


Introduction 
en INTEREST in the areas of mass transfer 
cooling, liquid fuel combustion, and erosive 


burning of solid propellants has stimulated several 
investigations of transfer and combustion rates in 
boundary layers with mass addition.'~* In addition 
to these applications, the proposed use of external 
burning for lift augmentation of supersonic and hyper- 
sonic vehicles® provides impetus for the present study 
of flame behavior. All previous work has been done 
for the injection rate varying inversely with the square 
root of distance from the leading edge and for a pure 
injected species. Such assumptions are usually ade- 
quate for describing an interphase boundary, but the 
injection of gas through a porous wall and the need 
for optimum combustion conditions suggest the 
adoption of a new model in which the flame receives 
oxygen both from the free stream and from the initial 
mixture. Then, the new model differs from the old 
one in two respects: 

(1) The injected mass flux is assumed constant 
because the flow of gas supplied to the porous wall, 
rather than a phase-change mechanism, controls the 
total injection rate. 

(2) A fuel-air mixture, rather than pure fuel, is 
assumed to flow through the pores. Therefore, the 
mass and heat transfer potentials must be allowed to 
vary in the fulfill the new 
boundary conditions. 

The position of the diffusion flame in the boundary 
layer is determined, and a generalized form of the 
Reynolds analogy is developed as a means of calculating 
In the present work, burning is 
In reality, 


streamwise direction to 


heat transfer rates. 
assumed to begin at the leading edge. 
excess heat and mass transfer from the flame cause 
quenching in this region, so that some distance may 
exist between the leading edge and the ignition point. 
Then, completely premixed combustion would occur 
at the beginning of the flame, and chemical kinetics, 
rather than diffusion, would be the local rate-controlling 
process. An experimental investigation of flame 
stabilization has been carried out in order to study this 
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LEADING EDGE — 
Fic. 1. Diffusion flame model 


aspect of the problem. Reference 7 contains the results 


of the measurements. 


Diffusion Flame Analysis 


The location of a diffusion flame in the boundary 
layer will first be determined. The method of analysis 
is based upon the conservation laws of aerothermo- 
chemistry subject to the following assumptions: 
(1) all the physical simplifications of boundary layer 
theory are valid; (2) there is steady laminar flow with 
zero external pressure gradient; (3) energy production 
and transport due to combustion exceeds that due to 
viscous dissipation by a considerable amount; (4) the 
kinetic energy associated with thermal molecular 
motion is large compared with that arising from 
macroscopic fluid velocity; (5) radiative energy 
transport is practically negligible; (6) diffusion due to 
temperature and pressure gradients is small compared 
with that due to concentration gradients, which is 
assumed to obey Fick’s law; and (7) the physical 
situation is described by the diagram shown in Fig. 1. 

The governing conservation equations of mass, 
momentum, energy, and chemical species are, re- 
spectively, 

Global Conservation of Mass: 


O( pit) O( pv) 
= 0 (1) 
Ox oy 


Conservation of \lomentum: 


( Ou + om) re) ( o«) (2) 
Ut Uv = & 
Vn ax Oy] dv \“ay 


Conservation of Energy: 


( Oh 4 *) ra) | (#5) oa 
! v = 
a Ov oy oy oy 


n 


OM x 
pv POxulk me +Q, (3) 


K=1 


Conservation of the Kth Species: 


( OmxK re ome ra) ( " wes 4 , 
u - v = Uk UK | 
. Ox oy ov — Oy “ 


where Dx is the diffusion coefficient of the Ath species 
into the mixture, /x is the sensible enthalpy associated 
with the Ath species, mx is the mass concentration of 
the Ath species, and Q, is the volumetric rate of energy 
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release due to chemical reaction. The enthalpy / is 
defined in differential form by 


dh = @dT + D> hgdmx (5) 
K=1 


in which ¢, is the specific heat of the mixture at constant 
pressure and composition, 1.e., 
1 
Cp = z. MKCnk 6) 
K=1 
specific heat and the 


Alternatively, the “frozen” 
enthalpy of the Ath species are expressed by 


R oh oh 
= -—— ; hx = 
eae soe ge OMK Ip, 7 


wx is the volumetric rate of production of the Ath 
species. 
From Eq. (5), the conductive heat flux is given by 


ol k | Ok es Om K 
k = | > hx we (7) 


Oy €p LOY Kat Oy 


which can be substituted in Eq. (3) to yield 


( Oh + *) ra) E (*) ‘ 
Ut Vv = = 
? Ox Oy OvLPr \Oy/ 
ee l Om K 
Dx 1 — hx - +@2, (8 
X? cw ( om, ” a) | ‘ ss 


The Prandtl number Pr is defined as €,u/k and the 
Lewis number Lex of the Ath species is defined as 
PDK MCp/ R. . 

The molecular capability of the gas to transport 
the Ath species by diffusion will now be equated to 
its capability to conduct heat; that is, Lex = 1 will 
be adopted as an additional assumption. Eq. (8) 
then becomes 


( oh 4 * o | mn (oY 10 “ 
1 v = - r (YJ) 
Mn ax | ay] dy LPr \ay ‘ 


and Eq. (4) becomes 


Om x one o E (ome) | 
: v = u’ 10 
‘ (: -~ *” & nmi iesl 


As Cohen et al.* have demonstrated, certain features 
of the basic equations are clarified by changing the 
independent variables from (x, y) to (x, u), according 
to the method of Crocco,* where * is the downstream 
distance along the plate. Eqs. (9) and (10), after 
application of this transformation, become, respectively, 
oh T (7 = “*) 7 10%  Q, 


= (11) 
Pr 


Ox pli Ou pip Pr du? pu 
and 
Om x r Orf/1—Pr 7? 1 O'mrx Wr 
a sits -* -— (12) 
Ox pli Ou Pr pup Pr Ou? pu 


where rT = p(Ou/Oy) (13) 


If the ‘‘frozen’’ Prandtl number is considered to be 
unity, these equations further reduce to 
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oh 7 Oh  Q, 


se —— (14) 
or pup Ou” pu 
OmMxK tT”? O'mrK Wk _ 
and —- = a (15) 
Ox pun Ou" pu 


In principle, the model of Fig. 1 can be achieved by 
injecting any fuel-air mixture which is richer than 
stoichiometric, i.e., so that oxygen must diffuse from 
the free stream to the combustion zone in order to 
complete the combustion. The transformed conserva- 
tion equations will be employed to investigate the 
diffusion flame under these conditions. As a simplify- 
ing approximation, a kind of local similarity is assumed; 
in particular, the rate of change of either enthalpy or 
concentration with downstream distance along any 
given velocity contour is neglected at each station 
where profile calculations are made. Such an as- 
sumption breaks down near the leading edge, but it is 
no worse than boundary layer simplifications in that 
respect, for the configuration considered here. Eqs. 
(14) and (15) then become 


7*(0*h/Ou?) + nO, = 0 (16) 
and 7T7(O°?mx/Ou"?) + wwe = O (17) 


Because the flame is controlled by diffusion, it is 
reasonable to consider that Q,, w_, = 0 everywhere in 
the flow except at a thin sheet of chemical reaction 
if the Ath species is a reactant or product. In other 
words, fast forward reaction rates are assumed. A 
method which does not require any restrictions on the 
reaction rate or chemical mechanism is described in a 
later portion of this section. The present method, 
however, emphasizes the essential physical features 
of the problem, perhaps with an attendant sacrifice 
of quantitative precision. Eqs. (16) and (17) are 
solved most easily in a piecewise fashion, that is, over 
regions bounded on at least one side by a flame sheet. 
Within such regions and for tr # 0, Eqs. (16) and (17) 
reduce to 


d*h/du? = 0 (18) 
and d?mx/du? = 0 (19) 


implying that # and mx can be found uniquely as 
linear functions of u if there exist appropriate relation- 
ships governing their boundary values. The energy 
and species equations are, therefore, effectively de- 
coupled from the global continuity and momentum 
equations over each region. 

The boundary value relationship at the wall is 
obtained by equating the total mass flux fed to the 
porous slab to the sum of convective and diffusive 
transport rates of fuel species from the surface, or 


om, 
Po su (20) 


M ge Ped. _ ™M fo Poo — 
Oy Io 


The chemical subscripts f and \/ denote, respectively, 
fuel and mixture. As illustrated in Fig. 1, the local 
subscripts e and o refer to conditions at the entrance 
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Fic. 2. Variation of species concentrations with downstream 
velocity for Lex = Pr = 1, and § = constant 


of the pores and at the external surface of the wall, 
respectively. In deriving Eq. (20), it is assumed that 
no chemical reactions occur before the mixture enters 
the external flow and that mass transfer parallel to 
the wall surface is negligible within the wall. The 
quantities m,, and p,v, are independent variables, but 
my, and the diffusion term are controlled by flow 


conditions. But by global conservation of mass 


Polo = Pe, SO Eq. (20) may be rewritten as 
Om, - 
MyePo = MpPUo — PoDyu (21) 
OY Jo 


The mass balance at the flame is based on the 
following conditions: (1) fuel and oxygen fluxes enter 
the flame in stoichiometric proportions; (2) fuel and 
oxygen concentrations vanish at the flame; and (3) 
the normal diffusive mass fluxes to the flame are large 
in comparison with any other components of mass 
flux. Condition (3) is consistent because of the 
relatively small inclination of the flame to the wall, 
arising from boundary layer simplifications. Mathe- 
matically expressed, the mass balance at the flame is 


om ‘ j om, 
— |] pyar = | pYgm - 
Oy a ' oy +d 
om,| | 
pDeam ¢ (22) 
a OV Jia! 


Each quantity in brackets is evaluated at the flame 
sheet approaching either from region a or } as indicated 
by the subscript following the + sign. Figure 2 
shows the respective regions. The stoichiometric 
constant of proportionality is denoted by r and the 
oxygen species by the subscript ¢. 

Manipulation of the linear forms of the profiles of 
Mx versus u in Fig. 2 is the key to solving Eqs. (21) 
and (22) in order to find the value of u at the flame. 
The solution of the velocity boundary layer u(x, y) 
by the methods of reference 9 can then be used if the 
y coordinate of the flame is desired. In the present 
work, however, only the « coordinate is found. Two 
additional definitions are useful in the remainder of 


the analysis: 
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Fic. 3. Position of the diffusion flame as determined by mixture 
and flow parameters 


B _ Poo/ pri Uy (23) 
and cy = to/(1/2) U2 (24) 


Incorporation of Eqs. (13), hig (24) and the conditions 


Pr = Lex = | into Eq. (21) yields 
Me = My — os U my (25) 
fe fo : 1 ea 
28 du 


The slope dm,/du], is seen to be —my,/u, from in- 


spection of Fig. 2. uw, is the downstream velocity at 


the flame. Thus, Eq. (25) becomes 
M fe 
l a (Cy 2Bu } ) 


Similar operations on Eq. (22) give 


dm, {i dmg dm,| ) 
1 = = 1r4r4 —r4—*| ¢ ¢ 
du |ie | du 4» du },,$ 


27) by 7 , which is single- 


M fo (26) 


bo 
aj 


Dividing each side of Eq. 

valued, and substituting the slopes obtained from 

Fig. 2, the following expression is found for the non- 

dimensional downstream velocity at the flame: 

— M fo — TMygo (98) 
My — 1(Mgo — My) 


po 


Substitution in Eq. (28) of m, from Eq. (26) and of 
n,, {rom an analogous formula gives an equation for 
au, as a function of flow parameters and known concen- 
trations. Eq. (28) thus becomes 
: Myre — [Mee + (€7/28)My1] 
“Ws, =- (29) 
Myre — 1(Mge — My) 

For the particular model chosen, Eq. (29) can be 
further simplified. Because the composition of air 
can be considered uniform, the oxygen concentration 
in the injected mixture is related to that in the free 
stream by 


Moye = (1 — Mp)Mgi (30) 
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Substitution of Eq. (30) into Eq. (29) gives 


rmi[1 + (c,/28) | 


mMy(1 + rmy41) 


From the definition of r, the expression rm,i/(1 + rm,,) 
is the stoichiometric mass concentration of fuel in a 
fuel-air mixture. If an equivalence ratio ®,, is defined 
as the ratio of m,, to the stoichiometric concentration, 


Eq. (31) can be rewritten as 


‘== I Cy _ 
“ye =1- ‘. 1+ 28 (32) 


au, is thereby a function of c,/28 with ®,, as a param- 
eter. In order to evaluate c,/28, only Eqs. (1) and 
(2) need be solved subject to the boundary condition 
PU, = constant, since these equations have been de- 
coupled from the energy and species equations. The 
solution® yields the friction parameter 
as a function of the square root of a 
Vé defined by 


desired 
. -_ 1/2 
(pr Uix/ 11) 

nondimensional distance 


VE = BV pUix/ m1 (33) 
( 


Thus, from Eq. (32) and the boundary layer solution, 
ii, is ultimately a function of = with ®,, as a param- 
eter. Figure 3 shows the function in graphical 
form. The intersection of the flame with the wall 
(a, = 0) is the boundary between the surface com- 
bustion regime and the diffusion flame regime. At 
the stoichiometric concentration, surface combustion 
would occur over the entire plate. As the parameter 
c,/28 approaches zero because of vanishing shear 
stress at the wall, the flame position is controlled 
mainly by the equivalence ratio ®,. The model 
cannot be a good approximation near the leading edge 
unless thermal and chemical conditions permit burning 
at the surface regardless of local concentration. 

With methods exactly parallel to those just em- 
ployed, the heat transfer problem can be handled. 
Two balance equations—one at the surface and one at 
the flame—are used in conjunction with Eq. (18) to 
determine the enthalpy at the flame in terms of @, 
The method can be checked for consistency by sub- 
stituting Eq. (82) for #, into the enthalpy formula 
and thereby obtaining the adiabatic combustion 
enthalpy for stoichiometric burning. The steps are 
detailed in reference 7. 


Two Generalizations of the Analysis 


Cohen, et al.* have indicated that multiple flame 
sheets can also be analyzed with the boundary layer 
conservation equations in the Crocco variables. The 
double-branched or bifurcated flame, therefore, can 
be treated with a simple extension of the above theory. 
Physically, the bifurcated flame is interesting because 
rich hydrocarbon-air mixtures give rise to an inner 
flame yielding partially combustible products which, 
in turn, burn in an outer flame with oxygen from 
external air. Water vapor and carbon monoxide exist 
in concentrations approximating a ‘‘water gas’’ equilib- 
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rium with hydrogen and carbon dioxide in the gas 
between the branches of the bifurcated flame. Both 
this and the double-cone Bunsen flame are mani- 
festations of the phenomena described by Browne 
and Powell!! as the ‘‘first and second stoichiometric,” 
corresponding to the two oxidation states of carbon. 

Since the bifurcated flame analysis is very similar 
to the single flame analysis already given, only the 
results will be stated here. The nondimensional 
downstream velocity at the outer branch is independent 
of the location of the inner branch and is theoretically 
equal to the value for the single flame given by Eq. 
(32). The position of the inner branch is determined 
largely by chemical kinetics rather than by diffusion. 
A more complete discussion of these points is presented 
elsewhere.” 

A generalization still broader than that of multiple 
flame sheets can be introduced. Only a verbal explana- 
tion will be given here because only a synthesis of 
existing techniques is necessary. Basically, the need 
for specifying discrete flame sheets is eliminated by 
using redefined dependent variables in conjunction 
with recent inhomogeneous combustion theory. Thus, 
this refinement of the present method does not require 
any sort of chemical flame model. 

Enthalpy and concentrations can be_ redefined 
following the boundary layer analyses of Denison and 
Dooley”? and Lees.* A similar redefinition of concen- 
tration was used earlier by Spalding’ for investigating 
combustion of a liquid surface. The inhomogeneous 
combustion approach proposed by Browne and Powell"! 
can be employed instead of the Burke and Schumann'* 
diffusion flame model used in the previous analysis. 
The new form of enthalpy is taken to include flow 
kinetic energy and chemical formation energy in 
addition to thermal energy, and mass concentrations 
of chemical elements are used rather than those of 
species. Of course, the concentration of an element 
includes all of the atoms of that particular element 
whether they be free or combined in radicals or com- 
pounds. The net effects of the redefinitions are the 
removal of assumptions (3) and (4) and the appearance 
of atomic conservation equations in place of species 
conservation equations. No production term appears 
in the energy equation because the heats of reactions 
are all absorbed in the heats of formation now included 
in the enthalpy. Moreover, no production terms 
appear in the atomic equations because the atoms 
merely change partners in chemical reactions and thus 
do not lose their intrinsic identities. A single differen- 
tial operator can be defined such that its application 
to the downstream velocity, to the total enthalpy, 
and to the atom concentrations gives the momentum 
equation, the energy equation and the atomic equa- 
tions, respectively. If boundary conditions are com- 
patible, i.e., if the total enthalpy and the atom fractions 
at the surface vary slowly enough with downstream 
distance, the similarity can be invoked to solve com- 
bustion problems over a single region without any 
stipulations as to reaction rates. The Browne and 
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Powell method of calculating concentration profiles 
can, therefore, be extended to boundary layer flows. 
Where those authors employed ‘‘a hydrodynamic 
correction factor’? to an equation involving purely 
diffusive transport and no convection, the method 
here suggested makes use of a velocity boundary layer 
solution which can be applied with the Crocco forms 
of the energy and atom conservation equations. Thus, 
the transfer of momentum and energy are accounted 
for directly, in addition to the transfer of mass. This 
generalized approach should be used for the boundary 
layer problem if an improvement in accuracy is sought 
or if a reasonably good reaction model is not known, 
but the previous calculations based on the simple 
model suffice for the purposes of the present work. 


Reynolds Analogy for Mass and Heat Transfer 


A relationship between the heat flux, the mass flux, 
and the shear stress at the wall is useful for estimating 
heat transfer rates. The analysis turns now to the 
assumption of a combustion model slightly more 
general than the previous one. A one-step reaction is 
assumed so that the generation of sensible heat is 
directly dependent upon the disappearance of fuel, and 
the thin flame limitation is no longer necessary. A 
Reynolds analogy for the film combustion of a liquid 
fuel was developed by Emmons! and was based on 
such a reaction scheme. 

The negative product of the constant-pressure 
heating value H7 and the fuel species production wy, 
is substituted for the energy production Q, in Eq. (16) 
to give 


oh 
yw Ou" 


— Hw, = 0 (34) 


Multiplication of Eq. (17) by //, which is considered 


constant, results in 


r? O?(L1m,) 


an? Hw, = 0 (35) 
m u? 


The sum of Eqs. (34) and (35) is 


» 9 


) 
- (hk + Hm,) = 0 (36) 
u Ou 


Since a slow surface variation of either h or my, with 
downstream distance was assu:ned by the previous 
local similarity simplification, there is for nonzero 
shear a linear relationship between (h + Hmy) and 
u, which holds for0 < 7 < 1. Effectively, the addition 
of Eqs. (34) and (35) combines the heat and mass 
transfer aspects of the problem. If the free stream 
gas contains no fuel, the linear relationship assumes 
the form 


h-+ Hm, = (ho + Hmy,)1 — 4) + hai (37) 


Differentiation of Eq. (37) with respect to y and evalua- 
tion of the result at the wall is indicated by 
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oh Om; (h, — hy + Hmy,) ou ae 
+ HH : =— : : (38) 
OV_]o oy U, Oy], 


The Reynolds analogy follows directly from Eq. (38) 
with substitutions for the gradients normal to the 
wall. The concentration derivative is replaced by 
solving for it from Eq. (21), and the velocity derivative 
Both Eq. (13) and Eq. (21) 
It remains to solve for the 


is found from Eq. (13). 
are boundary conditions. 
enthalpy derivative in terms of the heat flux, which is 
the sum of conductive and diffusive contributions. 
The heat flux to the wall is written as 


ol : Om x 
Jo=k os > pOxullk (39) 
Ov 0 K=1 Oy 0 


Substituting of Eq. (7) for the conductive term into 


Eq. (39) and setting Leg = 1 gives 
k =| (4 
a> ; }) 
dl Cy OV 1 


Now, all the derivatives in Eq. (38) can be replaced to 
give the Reynolds analogy as 


(to + Hm,, — hy) 
= 2 U, ; tT + LH (my — My) pv, (41) 
Note that as my, and p,v, approach zero, Eq. (41) 
becomes the usual expression of the analogy for bound- 
ary layer flow over an impermeable wall. At the 
boundary layer blowoff condition described in the 
literature,’ 14 7, — 0, and from Eqs. (24) and (26) 


My — my; therefore, g, > 0. 


Conclusions 


Certain features of the behavior of a flame in the 
boundary layer on a porous flat plate with uniform 
mixture injection have been investigated theoretically. 
In the analytical approach, the effects of varying the 
injected mixture composition have been considered, 
as well as those arising from the flow conditions. The 
distance over which surface combustion predominates 
increases with decreasing equivalence ratio for rich 
injected mixtures. In the limit of stoichiometric 
concentration, surface combustion occurs over the 
entire plate. Although the simple diffusion flame 
criteria should suffice for examining basic trends, 
analyses of complicated chemical systems can be 
carried out by incorporating more advanced combustion 


Te uouueyveeauqgacanecnegcnceeggccenacnenncivaneiteonuiuit eusncnneencannsaneneauan wut 


UOEAAUAAMAAOAAAAEUAMANUAGAANA NNSA agate aaagtananet ate acenctcagcgncgeageccgygcntgeccvy co canevaecgcsacney 


SCIENCES—DECEMBER, 1960 


concepts in the boundary layer theory. Some insight 
into the influence of injection and combustion on the 
heat transfer rate is gained by the development of a 
generalized Reynolds analogy. 
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Supersonic Flow at the Surface of a Circular 
Cone at Angle of Attack’ 


JOSEPH E. WILLETT* 
McDonnell Aircraft Corporation 


Summary 


Formulas for the inviscid flow properties on the surface of a 
cone at angle of attack are derived for use in conjunction with 
the M.1.T tables. upon an 
distribution on the cone surface which is uniform and 


cone These formulas are based 


entropy 
equal to that of the shocked fluid in the windward meridian 
plane. They predict values for the flow variables which may 


corresponding values obtained 


The differences in the magnitudes 


differ significantly from the 
directly from the cone tables. 

of the flow variables computed by the two methods tend to 
increase with increasing free-stream Mach number, cone angle 


and angle of attack 


Symbols{ 

a = sound speed 

a, = free-stream sound speed 

a = sound speed at zero angle of attack 

( = limit speed 

( = specific heat at constant volume 

AK; = coefficients defined by Eqs. (35) throngh (389) for 
¢=z1,2,3,4,5 

= Mach number 

P = pressure 

p = pressure at zero angle of attack 

p) = parameter given in third volume of M.1I.T. cone tables 

pi = free-stream pressure 

ps = parameter given in third volume of M.I.T. cone tables 

P; = functions of @ introduced in Eq. (11) for 7 = 1, 2,3 

q = velocity 

Q; = parameters introduced in Eqs. (47) through (51) for 
¢1,2,3,4,5 

} = spherical coordinate denoting distance from origin 

R; = functions of @ introduced in Eq. (12) for7 = 1, 2,5 

S = specific entropy 

S) = constant reference value of specific entropy 

S = specific entropy at zero angle of attack 

S; = parameters defined by Eqs. (14), (15), and (16) for 
¢=2 1,2,3 

t = time 

u = radial component of velocity 

ti = radial component of velocity at zero angle of attack 

a; = coefficient of a’ for i = 1, 2, 3, in power series 
representation of radial component of velocity on 
cone surface 

U = free-stream velocity 

U; = functions of 6 introduced in Eq. (8) for 7 = 1, 2,3 

v = component of velocity in direction of increasing @ 

5 = component of velocity in direction of increasing @ at zero 
angle of attack 

V; = functions of @ introduced in Eq. (9) for 7 = 1, 2,3 


Received October 12, 1959. Revised and received February 
18, 1960. 

+ This paper is a condensation of reference 1 

* Research Scientist. 

tIn Sections (4) and (5), all symbols which represent func- 
tions of position are specialized to the cone surface. 
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= component of velocity in direction of increasing @ 


W; = functions of @ introduced in Eq. (10) for 7 = 1, 2 
a = angle of attack 
= ratio of specific heats 

€ = angle of vaw (defined in the M.I.T. cone tables as the 
negative of the angle of attack a used herein) 

7 = parameter given in second volume of M.1.T. cone tables 

7] = polar angle of spherical coordinate system 

@; = half-angle of solid cone 

i = parameter given in second volume of M.I.T. cone tables 

p = density 

po) = parameter given in the third volume of the M.I.1 
cone tables 

op. = free-stream density 

p2 = parameter given in the third volume of the M.I.1 
cone tables 

@ = azimuth angle of spherical coordinate system 


(1) Introduction 


bes INVISCID SUPERSONIC FLOW past circular cones 
at zero angle of attack is given by the analysis 
For finite angles of attack, 
a perturbation the flow 
variables as power series in the angle of attack has 
been developed explicitly to second order by A. H. 
Stone.** An extensive set of tables has been prepared 
at Massachusetts Institute of Technology® * using 
the solutions of Taylor and Maccoll and of Stone. 
Unfortunately, the Stone formulation does not in 
general permit adequate representation of the 
Antonio Ferri® 


of Taylor and Maccoll.!: * 


solution which expresses 


inviscid 
flow near the cone surface. demon- 
strated mathematically that the formulation 
a thin layer at the cone surface. He introduced the 
concept of a vortical layer of negligible thickness 
across which the flow variables other than the pressure 
and the normal component of velocity vary discon- 
tinuously from the Stone values to values at the cone 
surface which may in general be significantly different. 
Using this concept he derived correction formulas 
which yield the proper distributions of entropy and 
velocity at the cone surface to first order in the angle of 
attack. 

In the present paper the vortical-layer corrections 
for the inviscid flow variables at the cone surface are 
developed to second order in the angle of attack. A 
procedure is presented for computing the inviscid 
values of the pressure, density, magnitude of the 
velocity, radial and circumferential velocity com- 
ponents, temperature, and Mach number at the cone 
surface at angle of attack using the M.I.T. cone tables 
in conjunction with the formulas developed herein. 


fails in 
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SHOCK WAVE 


Fic. 1. Body coordinate system 


In view of the possible dispersion of the vortical layer 
by viscous effects, it is recommended that the properties 
at the outer edge of the boundary layer be obtained 
both with and without the vortical-layer corrections 
to obtain upper and lower limits. 


(2) Theoretical Formulation 


The problem under consideration consists of the 
steady inviscid flow near the surface of a circular cone 
at angle of attack in a supersonic stream. It will be 
assumed that the cone is not too blunt, so that a shock 
wave will be attached to the cone apex. It is con- 
venient to formulate the problem in spherical polar 
coordinates (r, 0, @) with the origin at the cone apex 
and the polar axis coincident with the axis of the cone 
(i.e., body coordinates). The azimuth angle ¢ has 
been chosen so that ¢ = 0, m corresponds to the plane 
of symmetry, with ¢ = O representing the leeward 
meridian plane and @ = 7 representing the windward 
meridian plane (see Fig. 1). Let the velocity com- 
ponents at the point (7, 6, ) in ihe direction of increas- 
ing r, 0, and @ be denoted by u, v, and w, respectively. 
Since the flow is conical (i.e., the flow variables are 
independent of radial coordinate r) and steady (i.e., 
independent of time ¢) the differential equations for 
inviscid flow assume the form 


fe) 3) 
2pu sin 6 + ae (pv sin @) + vi (pw) = 0 (1) 


Ou 


) wesc 0 —v? — yw = 0) (2) 
v 0 + wesc > 
Ov Ov Op 
v— w ese 6 + + uv — w*? cot 6 = 0 
20 7 d6 | pode . 


(3) 


ow ow csc dOdp 

v— + wesc d— + — + uw + vwcot d = 0 
06 Og p O° 

(4) 

os w os a 


= @ (5) 
00 sin 0 O¢ 


where p, p, and S denote pressure, density, and specific 
entropy, respectively. Eq. (1) expresses the conserva- 
tion of mass, Eqs. (2), (3), and (4) comprise the con- 
servation of momentum, and Eq. (5) specifies that the 
flow is adiabatic and reversible. If, in addition, the 
equation of state for a perfect gas 


1960 


pe /(y -—1) = em (6) 


is included, the number of equations equals the number 
of dependent variables. The solution of this set of 
equations consistent with the appropriate boundary 
conditions at the shock and the cone surface completely 
determines the flow. The symbols y, c,, and Sy denote 
the ratio of specific heats, the specific heat at constant 
volume, and a constant reference value of the specific 
entropy, respectively. The appropriate form of the 
Bernoulli equation is 


(q?/2) + yb/(yv — 1)p = (U?/2) + 
YPi/(y — 1)m =c?/2 (7) 


where q is the velocity at an arbitrary point in the flow, 
c*/2 is the Bernoulli constant which is completely 
independent of position and time, and /;, p;, and U are 
the free-stream pressure, density, and velocity, re- 
spectively. 

The perturbation solution of A. H. Stone*~> expresses 
the flow variables in powers of the angle of attack a. 
The independent variables are @ and @ and the ¢- 
dependence of each coefficient of a and a? is repre- 
sented by a Fourier series which reduces to one or two 
terms in each case. The solution which has been 
developed explicitly to second order only is of the form 


u =u + aU, cos ¢ + a? (U2 + U3 cos 2¢) (8) 
v = 0+ aV,cos¢+ a? (V2 + V3 cos 26) = (9) 
w = aW, sin @ + a?W2. sin 26 (10) 
p/p = 1+ aP; cos ¢ + a? (Po + P3 cos 26) (11) 
p/B = 1+ aR, cos¢ + a2 (Rz + R; cos 26) (12) 


where 1%, 3, .» p are the flow variables at zero angle 
of attack; these quantities and U,, Us, ..., Rs are 
functions of the polar angle 6 only. The solution 
retains this form in an alternate spherical polar co- 
ordinate system in which the polar axis lies in the 
direction of the free stream (i.e., wind coordinates). 
The corresponding functions of the polar angle for 
wind coordinates have been tabulated under the 
direction of Z. Kopal®~* for various combinations of 
free-stream Mach number and cone angle. These 
tabulations may be used in conjunction with the 
transformation formulas of Roberts and Riley” to 
obtain the functions of @ in Eqs. (8) through (12). 
Unfortunately, the Stone theory does not comprise 
the correct inviscid solution within a thin layer adjacent 
to the cone surface. This difficulty is considered in 
detail in the next two sections and correction formulas 
for the flow at the cone surface are developed. 


(3) Characteristics of the Vortical Layer 


The validity of the Stone theory in a thin layer 
at the cone surface was first challenged by Antonio 
Ferri? who noted that the entropy distribution pre- 
dicted by the theory does not satisfy the differential 
equations for inviscid flow. At the cone surface the 
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SUPERSONIC FLOW AT SURFACE OF A CIRCULAR CONE 


normal velocity component v equals zero and the 
circumferential velocity component w does not equal 
zero (except in the plane of symmetry). Consequently, 
Eq. (5) requires that 0.S/0¢ vanish on the cone surface, 
i.e., that S be constant there. By use of Eqs. (6), 
(11), and (12) the entropy distribution of the Stone 
theory can be expressed in the form 
S= $+ aS; cos ¢ + a? (So + S3 cos 26) (13) 
Si = c,[P > yR;] (14) 


So = c,[(yR?/4) — (P1?2/4) + P2 — yR2} (15) 


where 


= c,[(yR? 4) — (P,? 4) > P, = yR3] (16) 


In view of the presence of the cosine terms in Eq. (13), 
the Stone formulation does not yield the constant 
entropy on the cone surface required by Eq. (5). 
The analysis of Ferri has shown that all streamlines 
which are in contact with the cone surface, except 
those which originate in either the leeward or windward 
meridian plane, when traced in the flow direction 
approach asymptotically the leeward generator and 
when traced in the reverse direction approach asymp- 
totically the windward generator. Since the entropy of 
each particle is conserved after passage through the 
shock and the particles whose streamlines are in 
contact with the surface all pass through the shock at 
the windward meridian plane, the entropy on the cone 
surface must equal the (constant) value in the windward 
meridian plane. 

Eqs. (5), (9), (10), and (13) can be combined to 


obtain 
os 7 a? WS, (sin )? 


- + 0 (a?) (17) 
06 d sin 6 


where 7 is the velocity component in the direction of 
increasing @ at zero angle of attack. Taking the 
derivative of Eq. (13) with respect to 6, substituting 
the resulting expression for 0/00 into Eq. (17), using 
the trigonometric identity 


(sin @)? = (1/2) — (cos 2¢)/2 (18) 


to eliminate (sin ¢)”, and equating coefficients of like 
terms of the power series and Fourier cosine series, 


yields 
0S/00 = 0 (19) 
0S,/00 = 0 (20) 
082/086 = W,S;/2% sin 0 (21) 
0S;/00 = —(W,5S,/22% sin 6) (22) 


The Stone theory assumes that derivatives of the 
Fourier terms are of the same order as the Fourier 
terms themselves; e.g., a@705S2/00 and a’05;/08 are 
regarded as being of second order. It is clear, however, 
that # must approach zero near the cone surface and 
the right member of Eqs. (21) and (22) must approach 
infinity. Consequently, the Stone theory is expected 
to fail near the cone surface. 
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From Eq. (1) specialized to the case of zero angle of 
attack, 03/08 can be shown to be —2a at the cone 


surface, since @ is zero there. Thus 


5 = —2uAd + O[(Ad)?] (23) 


i) 


where A@ equals 0 — 6,, 6, is the cone half-angle, and 
the radial velocity component @ is to be evaluated 
at @ equals @,. Consequently, near the cone surface 
d is of the order of A@. It follows from Eqs. (21), 
22), and (23) that a*0$2/00 and a7058;/00, which are 
assumed in the Stone solution to be of second order, 
become first-order at an angular distance a from the 
surface. This conical layer of thickness a at the cone 
surface has been referred to by Ferri? as the vortical 
layer. 

Actually, the layer in which the Stone solution yields 
incorrect values for the flow variables is not conical. 
Eqs. (17) and (23) indicate that 05/06 (which the 
theory regards as being of the order of a?) becomes of 
the order of a in a layer of thickness a(sin @)? and thus 
at ¢ equals zero or zw this layer is of zero thickness. 
According to Eqs. (19)—(22), S and S; are independent 
of @ and although S: and S; vary with 6 the sum S; + S: 
remains constant. Therefore, S as given by Eq. (13) 
is independent of 6 when ¢ equals zero or w and remains 
constant all the way to the surface. Since symmetry 
requires that the w be zero at @ = 0 or 7m, Eq. (5) 
requires that S be constant in the windward and lee- 
ward meridian planes. Thus the Stone theory is 
valid even at the cone surface in these two planes. 
It should be noted that all streamlines except those 
confined to the windward meridian plane ultimately 
approach asymptotically the leeward generator of the 
cone surface, and thus it comprises a singular line. 


Consider next the pressure distribution at the surface 
of cones at angles of attack. Comparison of experi- 
mental data with pressure values calculated by the 
second-order Stone theory shows good agreement 
despite the failure of the theory to yield the correct 
entropy distribution.” '! The validity of the second- 
order Stone expression for the pressure distribution 
can be established theoretically by consideration of the 
order of magnitude of the pressure gradient in the vor- 
tical layer. From Eq. (3) 0p/06 can be seen to be 


given by 
Op/00 = —pud + O(a’) (24) 


at an angular distance A# = a, in view of Eqs. (8), 
(9), (10), and (12) and the fact that v is of the same 
order as 3. Since @ is of the order of A@, 0p/08 is of 
the order of a at AO = a and decreases to zero at the 
surface. The pressure variation across the vortical 
layer is of the order of (0(/00)A0, which is a®. The 
error in the Stone entropy distribution does not effect 
terms corresponding to zero angle of attack (e.g., J, 
uw, and d); thus the resulting error in 0/08 is in terms 
of the order of a’, and the error in the pressure at the 
cone surface is of the order of a’. 
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(4) Corrections to the Stone Theory at the Cone 
Surface 


Although the Stone theory yields specious results 
at and very near the cone surface, formulas can be 
derived which may be used in conjunction with the 
Stone solution to obtain the correct inviscid solution. 
The formulas are based on the following theorems 
discussed in the preceding section: (i) the entropy at 
the cone surface is constant and equal to the entropy 
of the shocked fluid in the windward meridian plane ;* 
(ii) the pressure at the cone surface is given correctly 
to second order by the Stone theory. In addition, the 
following boundary condition is applicable: (iii) the 
normal component of velocity at the cone surface is 
zero. These three conditions, Eqs. (2) and (7), and 
appropriate equations of state are sufficient to com- 
pletely determine the flow variables at the cone surface 
in terms of the Stone solution parameters. These 
parameters are obtainable from the M.I.T. cone 
tables and are expressible in body coordinates by means 
of the transformation formulas of Roberts and Riley.!° 
The body coordinate system of Fig. 1 will be assumed 
in deriving the correction formulas. In the subsequent 
discussion all quantities which are, in general, functions 
of position will be specialized to the flow at the cone 


surface. 
The correct inviscid entropy at the cone surface 
must be constant and equal to the value at ¢ = 7 


which, according to Eq. (13) is 
S = §$ — aS, + a*(S, + $3) (25) 


The inviscid pressure distribution at the cone is given 
by Eq. (11). Since the entropy and pressure are 
thereby known at any point on the cone surface, the 
thermodynamic state is uniquely determined. Thus 
any other thermodynamic state variable can be 
evaluated using the perfect-gas equation of state 
relating that variable and the pressure and entropy. 
The correct inviscid density distribution on the cone 
surface, for example, can be obtained by applying 
Eq. (6) to the cone surface at angle of attack and, 
alternately, at zero angle of attack, dividing the 
former expression by the latter, eliminating p/p and 
S — S by means of Egs. (11) and (25), and expanding 
each member of the equation in powers of the angle of 
attack. This procedure yields 


p/p = 1+ al[(Pi/y) — Ri] + @ cos o[Pi/y] + 

a*®[Re + (3 + y)(Pi?/4y?) — (PiRi/y) — 

(P3/v) + R3] + a cos o[(P1?/y?) — (Pi Ri/y)|] + 
a? cos 26[(P3/y) — (y — 1)P1?/4y?] (26) 


where terms of higher order than the second have been 
neglected. 

Consider next the velocity of the gas at the cone 
surface. For given free-stream conditions, the Ber- 


*It will be convenient to express this entropy value as the 
second-order Stone entropy expression evaluated at the wind- 
ward generator of the cone. 


SCIENCES DECEMBER, 1969 

noulli equation expresses the square of the velocity 
as a known function of the enthalpy (which in turn 
can be expressed as a function of the pressure and 
density using the appropriate equation of state). 
Thus the magnitude of the velocity can be evaluated 
since expressions for the pressure and density are 
known. Applying Eq. (7) to the cone surface at angle 
of attack and, alternately, at zero angle of attack, 
eliminating the Bernoulli constant between the two 
resulting equations, and solving for g? vields 

g= w+ 2yP sa (27) 
(y — 1)p 
By introducing the square of the sound speed at zero 
angle of attack, @°, into this equation with the aid of 


the relation 
ay = vp p (28) 


and expanding the resulting equation in powers of a 
by use of Eqs. (11), (26), and (28), g* can be expressed 


in the form 


: ee a 
; = > ,a[(P; y) -—R&|] + 
» aie ] 
acos @ [(1 — y)Pi:/y] + 
a [3(y — 1)(P2/4y?2) + (PiRi/y) - 
R;? = Pe —_ (P; vy Rs» i R;] + 
a* cos o[(y — 1)(P2/y?) + (1 — y)(P1Ri/y)| + 
a’ cos 26[(y — 1)(P1?/4y?2) + (1 — y)(Ps/y) ]f 
(29) 


The magnitude of the velocity at the cone surface 
can be obtained from this equation. 

A differential equation for the radial velocity com- 
ponent « can be derived as follows. The normal 
component of the velocity on the cone surface is zero 
and the coordinate system is orthogonal; therefore 


g = w+ w? (30) 
On the cone surface Eq. (2) reduces to 
w = (1/sin 6,)(du/d¢) (31) 


where 6 = 6, is regarded as a constant parameter and 
the partial derivative becomes a total derivative. 
Introducing Eq. (31) into Eq. (30) yields 


q? = u? + (sin 0,)—* (du/do)* (32) 
or, alternately, 


gq? = (u — a)? + (sin 6,)~*[d(u — a)/d¢)}? + a? + 
2u(u — un) (33) 


By using Eq. (29) to eliminate gq’, this differential 
equation assumes the form 


(sin 0,)~?[d(u — %)/do]? + (u — a)? + 2atu — a) = 
aK, + aK cos ¢ + a®K3 + a2Ky cos ¢ + 
a’Ks cos 2¢ (34) 


where 
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‘ 2a” ; 
K = - 1) (P, — yR)) (39 
K. = —24 2P, + (36 

2a* i) 2? > I fp 
K = ' Lin 1)/ . a 7 [J R, Y . 
yY— 
R,*? — Ps — (P3/y) + Rot R (34 
RK, = 2a?7|(P;? , a = (PR, Y)} ( 38 
K; = 2a?[(P.°7/4y") — (P3/y) (39) 


The solution of Eq. (34) can be obtained as follows. 
Let u be represented by 


u=at > aa, (40) 


where the “, are functions of ¢ only for fixed values of 
the free-stream conditions and cone angle. Sub- 
stituting this expression into Eq. (34) and neglecting 
terms of higher order than a? result in 
a? (sin 0,) (da, do)? + a®?t,? + Patt; + 

Parti, = ak, + aks cos ¢ + a®?Kk3 + 


a’K;cos ¢ + a®A; cos 2¢ (41 


Equating coefficients of like powers of a vields 
Pin, = K, + Ke cos @ (42) 
(sin 0,)~2(da, dd)? + 4,7 + 2th 


K; + Kycos @ + A; cos 2@ (43) 


Thus, 
uy, = (A, 2) + (Ko 2) COS @ (44) 
and 
: jK; AL? K.? , er ) 
un = * So — {1 + (sin 9,)~? a 
27 Sa? 16a? f 
j K, A, K2) 
lou 7 47° ‘oe sl 
= — od [(sin @,)-? — 1 jt cos 29 (45) 
241603 f 


By using Eqs. (35) through (39) to eliminate A,, 
Ko, ..., Ks in Eqs. (44) and (45) and using the resulting 
expressions to eliminate #%, and @ in Eq. (40), an expres- 
sion for the radial component of velocity at the cone 
surface may be obtained to second order in the form 


u/ua = 1+ a(Qi + Qecos d) + a*(Q3 + Qs cos @ + 
Q; cos 26) (46) 
where 
a*(P = yR}) 


Q); = at (47) 
(y — 1)yH" 


3a*P,* 


Q; = —}]1 — (a2/3a?) X 
4°11" 
[1 + 2/(y — 1)? + (sin 6,)~"]; + 
P, Ra? 
—j1 + [@/a(y — Di} - 
(y — l)yu" 
R,°a? 
~~ {1 + [a?/2a°(y — 1)]} 4 
(y — 1)a° 
[a2/(y — 1)a*], Re + Rs — Po — (P3/y)} $9) 
" a” : é se 
Os = [P, — yP,R;| —— l+-— (90) 
u-y~ u“(y — 1) 
: @P; ; 
QO; = . 1 + (a*/H?)[(sin 6,)~? — 1]f - 
Ly "0 
a*P; -! 
1) 
yu- 


By substituting Eq. (46) into Eq. (31), an expression 
for the circumferential component of velocity can be 
obtained in the form 


aQ» sin a” (Oy sin @ + 2Q; sin 2¢) 
sin 6. sin 6 


(a2) 


(5) Procedure for Computing the Inviscid 
Flow Properties at the Cone Surface 


The inviscid flow variables evaluated at the surface 
of a cone in a supersonic stream at angle of attack 
are expected to be useful in approximating the condi- 
tions at the outer edge of the boundary layer. The 
following procedure may be employed to compute the 
pressure, density, magnitude of the velocity, radial 
and circumferential velocity components, temperature, 
and Mach number at the surface of the cone using the 
inviscid flow equations of Section (4) in conjunction 
with the M.I.T. cone tables.® The procedure will 
yield the flow properties in the body coordinate system 
illustrated in Fig. 1. The azimuth angle ¢ is measured 
from the leeward meridian plane around the axis of 
the cone. The angle of attack a is equal to the nega- 
tive value of the angle of yaw e defined in the cone 
tables. 

For the desired free-stream Mach number (i.e., 
M with no subscript in the cone tables*) and cone 
half-angle 6,, the following quantities are to be taken 
directly from the tables at the value of @ equal to @,: 

(i) # and a? from the first volume’ of the tables;** 

(ii) »/p and £/p from the second volume’ of the 
tables; 


* The symbol (S) following the 1/ denoting Mach number 
in the table headings indicates a ‘‘second” solution which is 
believed to be unstable to a high degree; the reliability of the 
theory for such solutions is questionable. 

** Although these two symbols do not have bars over them 
in the first volume of the cone tables, they do in the second and 
third volumes. The desired value of the velocity at the cone 
surface at zero angle of attack is also given in the headings of 
the second volume and denoted by ds. 








912 JOURNAL OF THE AEROSPACE 





- r 

—— STONE THEORY @ =180 
| ==<STONE THEORY ®=0 
30} / { + ' 
> EXPERIMENTAL 














s-s eile | 4 
c v 0 sae 
oer 

wee 

— } 4 
10 } 4 4 
-.20 - 
10) 5 10 15 20 25 30 
a@ —~ DEGREES 


Fic. 2. Increase in specific entropy on the surface of a 15- 
degree cone at Mach 3.53 due to angle of attack. 


(iti) po/p, p2/P, po/p, and p/p from the third 
volume’ of the tables. 

From these values, the quantities P;, P2, P:, R;, Re, 
and R; can be evaluated using the equations* 


P, = 
R, = / 


bo/ bP) + (yit?/2a?) + (n/2p) cot 4, (53) 


/ 


wer 3 
DS 


P, = ( 
Ps; = (po/p) + (yi?/2a2) — (n/2p) cot 0, 
Re = (po/p) + (a7/2a7) + (&/2p) cot 6, 
R; = (p2/p) + (u?/2a”) — (£/2p) cot 6, 


with the ratio of specific heats y equal to 1.405 for air. 

The pressure at the cone surface at angle of attack 
divided by the pressure at the cone surface at zero 
angle of attack may be computed by means of Eq. 
(11). The increase in specific entropy due to angle of 
attack divided by the specific heat at constant volume, 
(S — $)/c,, may be computed using Eqs. (14), (15), 
(16), (25), and (53). Then the density and tempera- 
ture at the cone surface at angle of attack divided 
by the corresponding values at zero angle of attack 
may be computed from the equations of state 


p/p = (p/p) %e-(S—S)/re (54) 

and 
T/T = (p/p)(p/p)~' (55) 
For zero angle of attack the values of pressure #, 
density j, and temperature T at the cone surface are 
obtainable from the free-stream conditions using the 


first volume of the cone tables. 
The limit speed c is given by 


c? = U* + 2a,?/(y — 1) (56) 


where U and a are the velocity and sound speed, re- 
spectively, of the free stream. The magnitude of the 
velocity at the cone surface at angle of attack may be 
computed by means of the Bernoulli equation 


* These equations transform the wind-coordinate parameters 
of the cone tables to the body-coordinate parameters of this 
paper. They are obtained by direct comparison of Eqs. (29) 
and (30) of reference 10 with Eqs. (11) and (12) of the present 


paper. 
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g? + 2yp/(v — 1)p = @? (57) 
The square of the Mach number at the cone surface 
is given by 


M? = (q?/a*)(T/T)— (58) 


where g and @ must be expressed in the same units. 
The sound speed @ at the cone surface at zero angle 
of attack is given in the first volume of the cone tables 
in units of the limit speed c and, consequently, must be 
multiplied by c to convert to proper units for use in 
this equation. 

The radial velocity component and the circum- 
ferential velocity component at the cone surface at 
angle of attack, each divided by the velocity at zero 
angle of attack, may be computed using Eqs. (46) 
through (52). The velocity # at the surface of the 
cone at zero angle of attack is also given in the first 
volume of the cone tables in units of the limit speed c 
and must be multiplied by c to convert to proper units. 

The flow variables at the edge of the boundary 
layer can be computed from experimental measurement 
of the pressure distribution on the cone surface and 
the angle of the attacked shock in the windward 
meridian plane for given free-stream conditions and 
cone angle. The free-stream conditions and the angle 
of the shock are sufficient to determine the specific 
entropy in the windward meridian plane and this value 
may be taken as the approximate value of the specific 
entropy of the entire outer surface of the boundary 
layer. The measured pressure and the computed 
entropy together with the appropriate equations of 
state determine all other variables of state (e.g., 
density and temperature). The magnitude of the 
velocity may then be computed using the Bernoulli 
equation and the velocity components u and w may be 
computed using Eqs. (32) and (31). The determina- 
tion of « and w requires the solution of a second-order 
differential equation. 


(6) Concluding Remarks 


The Stone theory, which describes the supersonic 
flow over cones at angle of attack, does not, in general, 
yield the correct inviscid-flow variables (except pres- 
sure) on and very near the cone surface. Fig. 2 shows 
the increase in entropy on the cone surface due to 
angle of attack for a 15-degree cone at free-stream 
Mach 3.53. Note that the second-order Stone theory 
values at 180 degrees are in good agreement with 
values computed from the shock photographs of 
reference 11 for angles of attack up to nearly 25 degrees. 
The uncorrected Stone theory predicts a continuous 
yariation of entropy around the cone surface from the 
value given by the solid line to that given by the 
broken line. The entropy correction is clearly needed 
in this case. The importance of the correction in- 
creases with increase in the cone angle, Mach number, 
and angle of attack. 


(Continued on page 920) 
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The Epicycle Method for the Reduction of 
Flight-Test Data Using a Digital Computer’ 


DANIS* 
Aveo Research and Advanced Development Division 


a. PF. 


Summary 


The problem of determining aerodynamic characteristics of 
ICBM re-entry vehicles from flight-test programs is made more 
difficult because available instrumentation is limited to measur- 
ing linear accelerations and angular rates. Therefore, 
of attack and certain coefficients must be 


mined by reducing these measurements of the motion in con- 


the angle 
aerodynamic deter- 
junction with trajectory and atmospheric data 

The data reduction method presented in this paper uses rate 
gyro data, and is based on the assumption that the solution of 
the equation of the pitching and yawing motions is in the form of 
the sum of two rotating vectors. The basis for this approach lies 
in the fact that the solution of the differential equation of motion 
(in a body-axis system) is the sum of two rotating vectors, that 
is, an epicycle for both the angle of attack and the angular rate. 
The solution requires the usual assumptions that the aerodynamic 
forces and moments are linear independent functions of the angle 
of attack and that the The method of com- 
puting the magnitude and frequency of the two rotating vectors 
involves an iteration on a digital computer and is presented in 


detail. 


angles are small. 


Symbols 

A, B, C, D = constants appearing in Eq. (9) 

A = reference area 

F = applied forces 

4 = moment of inertia 

M = applied moment 

V = velocity of body relative to free stream 

Ci, Ce = initial magnitude of epicycle vectors for angle 
of attack 

Cs = initial trim position due to vehicle asymmetry 

Ki, K = initial magnitude of epicycle vectors for angular 
rate 

D = reference length 

u,v, W = velocity of X, Y, Z axes 

$,4,7 = angular rate of XY, Y, Z axes 

Uy, U2, 0, 0 = epicycle parameters 

m = mass of vehicle 

Cn. = rate of change of aerodynamic moment coeffi- 
cient with respect to angle of attack 

Cing = rate of change of moment coefficient with 
angular rate 

Cu = rate of change of normal force with respect to 
angle of attack 

w = angular rate of vehicle (q¢ + ir) in plane normal 
to x-axis 

1, d2 initial phase angles of epicycle vectors 

,, P, = total angle turned through by epicycle vectors 

W}1, We = angular velocity of epicycle vectors 
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0, ft, A = constants appearing in Eqs. (1)-(4) 

a = tan (w/u) = angle of attack 

8 = tan~(v/u) = angle of sideslip 

a’ = cos~'(u/V) = total angle of attack 

a’ = rate of change of angle of attack with respect 


to body axes 


rate of change of a’ with respect to nonrolling 


Gt, = 
(space) axes referred to body axes (equal to 
a’ + p X a’) 
’ 7 a ,_ipt 
Ass = a,’ referred to space axes (equal to @,’e"" ) 


Introduction 


ee THE PERFORMANCE of a re-entry vehicle 
depends considerably on its aerodynamic char- 
acteristics, the objectives of a re-entry vehicle flight- 
test program include the determination of the vehicle's 
stability characteristics. The conventional methods 
used to reduce aerodynamic test data require precise 
measurements of the vehicle’s trajectory, attitude, 
angle of attack, angular rate and, in static tests, direct 
measurements of the force and moments involved. 
However, in re-entry flight tests, the airborne instru- 
mentation is usually limited to internal measurement 
of the vehicle motions. The problem facing the 
analyst, then, is to determine the angle-of-attack 
envelope and the stability characteristics of a re-entry 
vehicle (in terms of the moment and force coefficients), 
given only telemetered measurements of the angular 
rates and linear accelerations of the re-entry vehicle. 

The approach suggested in this paper makes use of 
the fact that the solution of the equations of motion for 
the angular velocity can be represented as the sum of 
two rotating vectors (epicyclic motion), the magni- 
tudes of which are time-varying functions of the mo- 
ment and force coefficients, atmospheric density, roll 
and the vehicle free-stream velocity. The test 
data are then ‘‘fitted’” with an epicyclic equation, 
whereby they are smoothed numerical values 
are obtained for the magnitude and frequency of the 
two vectors from which, the density and velocity being 
known, the stability derivatives may be derived. The 
presentation of the numerical technique with which the 
parameters of the epicycle (magnitude and frequency) 
may be determined from test data is the main intent of 
the following sections. 


rate, 


and 


The Epicyclic Solution of the Equations 
of Motion 


The equations of motion for a rolling, axisymmetric 
vehicle can be solved by making certain assumptions, 
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Fic. 1. Schematic of epicyclic pitching and yawing motion. 


the principal one being that the moment and force 
coefficients are linear functions of the angle of attack. 
In many cases, it is convenient to study the pitching 
and yawing motions for short intervals of time (or 
altitude) so that the density, velocity, and roll rate 
may be considered constant, whereas in other applica- 
tions requiring greater accuracy, the rates of change of 
density and velocity must be considered.'~*> How- 
ever, in all cases the oscillatory motion of the vehicle 
can be approximated by an epicycle. Fig. 1 is a sche- 
matic representation of this type of motion which can 
be written in a body-axis reference system as follows: 


a’ a Ce + 19;(t) “}- Coe? + 102(t) +- é. 
a’ = B+ ia 


where 1%, U2, 61, 62 are functions of the aerodynamic 
coefficients, density, velocity, and roll rate. C3, a 
function of asymmetry, which is quite small for most 
missiles in comparison to C; and Cj, will be ignored in 
subsequent discussion although it can readily be 
handled if it appears. Note, however, that in a space- 
fixed system this term would cause the motion to 
appear tricyclic. 

Since the available data do not include direct meas- 
urements of the angle of attack, it is expeditious to ex- 
press the solution of the equations of motion in terms 
of the angular rates, since well-developed rate-measur- 
ing instruments are available. This is usually not 
difficult, since w appears as an independent variable 
similar to a’. In other words, aerodynamic forces 
determine the angular rates of a vehicle as uniquely 
as they do its attitude or angle of attack. This is illus- 
trated in Appendix A where a solution for the equations 
of motion, applicable for short time intervals, is pre- 
sented. Although this may not be the best form of the 
solution for final coefficient analysis, it does illustrate, 
among other things, that the desired aerodynamic 
coefficients appear in terms of the epicycle parameters. 
In general, the epicycle method has two main ad- 
vantages; first, it provides optimum filtering of the 
rate data even if the data contain considerable noise, 
and second, the aerodynamic coefficients are easily 
determined from the solution of the epicycle equation. 
The main limitations are that it can be applied only 
when the motion is harmonic and when the moment 
and forces are linear functions of the angle of attack. 
However, within certain limits, the approach can be 
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applied when the system is operating in the nonlinear 
range, but the coefficients determined will represent 
“average” values. This limits their interpretation, 
but not necessarily their usefulness. 


The Determination of the Epicycle Parameters 


The determination of the stability derivatives was 
shown in the previous section to depend on determining 
the parameters of the epicycle. Since the flight-test 
vehicle motions are most frequently recorded by rate 
gyros, the method will be developed in notation that 
represents angular rate data. It should be noted, 
however, that missile attitude or angular accelerations 
may also be used as an input. 

Of the many possible methods for determining the 
best-fitting epicycle through a series of data points, 
the most desirable is, of course, one which is rapid, 
automatic, and readily applicable to modern high-speed 
digital computers. The straightforward numerical 
procedures found in most texts,® however, are extremely 
sensitive to the accuracy of the data. This limitation 
was overcome by use of an approach suggested by the 
Naval Ordnance Test Station (NOTS), China Lake, 
California, for a different application but one which 
could be adapted to the flight-test problem. This 
approach utilizes an iteration procedure that converges 
rapidly. It begins with an initial input of the angular 
rates of the rotating vectors. Successive passes im- 
prove on the initial values and also determine the other 
parameters of the epicycle, by use of the criterion that 
the square of the deviations from the mean must be a 
minimum. 

The basic problem is to fit the motions of the two 
vectors (see Fig. 2) to a series of time-dependent data 
points. This motion is described by 


w=gqtir= etm eet (1) 
where u(t) = py + Ait + ml? = log A, (2a) 
uo(t) = po + Act + wot? = log A» (2b) 
A(t) =a, + ot + at + dt? (3) 
O.(t) = do + bot + cot? + dit? (4) 











Fic.2, Epicyclic motion. 
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Fic. 38. Examples of convergence of test data. 
Eq. (1) may be rewritten 
g = K, cos 6; + Ke cos 6 (5) 
r = K, sin 6 + Ko sin # (6) 


where g and r are the pitch and yaw angular rates re- 
ferred to a body-axis system. 

By breaking up the data into small time groups, the 
influence of damping and second- and _ third-order 
and 


derivatives of 6 may be ignored. Thus, Eqs. (5 


(6) become 
g = A, cos (wf + gi) + Ae cos (wot + 2) (7) 
r= K, sin (wf + 1) > Ko sin ( wot + 2) (Sa) 


where A,, and A» are constants, and @ = a andw = Bb. 
Further, by letting 


A= kK, COs ¢ B= Ky sin oil 
: : eee (Sb) 
C = Ks cos ¢2 D = Kz sin oof 
Eqs. (7) and (Sa) become 
g = -1 cos wt — B sin at + 
C cos wot — D sin wot (9 
r = A sin wt + Bos wt + ii 


C sin wot + D cos wot 


The problem is now to find 4, B, C, D, w, and w:. If 
straightforward numerical fits were employed at this 
point to solve for all six unknowns, the difficulty men- 
tioned earlier would appear. Instead, therefore, values 
of w and w. are determined approximately from plots 
of rate gyro data, and these values are used in the first 
calculations. The normal equations for the least- 
squares fit of Eqs. (9) are derived in the usual manner.® 

Once 1, B, C and D are determined, A,, Ao, 6; and 
6, are calculated for each group from Eqs. (Sb). Next, 
from the ¢’s of each group, the total angle turned 
through for each vector from ¢ = 0 can be calculated. 
Then by taking the derivative of this function, new 
values of w, and ws are obtained for the next trial. 
Likewise, the variation in A from group to group may 
be used to compute the complete damping function. 
The trials are repeated until the function converges 
and/or the fit of the analytical solution and the data 
points is acceptable. The mathematical details are 
covered in Appendix C. 

A computer routine which accomplishes the above 
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calculations has been programmed for a DATATRON 
digital computer. Examples of the convergence taken 
from test data are presented in Fig. 3. It should be 
noted that had the rate data contained any indication 
of an off-center ‘‘trim’’ position due to vehicle asym- 
metry, the effect could have been removed prior to the 
fitting of the epicycle by transforming the rate data to 
the trim position with appropriate numerical pro- 
cedures. This procedure is identical with removing a 
“bias’’ introduced by an off-center gyro calibration. 


Determination of Angle of Attack 


Of the several methods investigated for determining 
angle of attack, the technique presented here is po- 
tentially the most accurate for those cases where the 
angles of attack are relatively small. 

The basis for this method is the fact that if the 
vehicle is not plunging (that is, if the lift is small) the 
rate of change of angle of attack is equivalent to the 
angular rate of the body. This can be seen if the force 
equation with the gravity term omitted (derived in 
Appendix B) is examined: 


a’ + ipa’ = i(q + ir) + j[Z(F, + IF.)] mV} (10) 


The left-hand side can be recognized as the rate of 
change of angle of attack with respect to the nonrolling, 
space-fixed axes resolved along the body axes. Now 
if the vehicle configuration is such that the lateral 
forces are small or the trajectory altitude sufficiently 
high, the equation reduces to 


a’ + ipa’ = i(q + ir) = tw (11) 


It is further shown in Appendix B that w is epicyclic in 
form, and that the relationship between the magni- 
tude of angle of attack and the parameters of the 
epicycle of the rate data is 








| _ A, rx Ke 
Qa mar ~~ w ry p we + p 
(12) 
, K, K» 
@ | min Nae 
w, + p wo + p 
50 
40 i 
30 4] 
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Fic. 4. Comparison of angle of attack obtained from at- 
titude measurements and rate gyro data, using the epicycle 
method. 
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Fic. 5. Schematic view of the body-axis coordinate system. 


The consequences of the assumptions made as to the 
magnitude of the right-hand terms of Eq. (10) have 
been examined in detail and shown to be quite valid 
for almost all re-entry vehicle configurations. 

A comparison of the angle-of-attack envelope ob- 
tained from flight-test rate data through the use of 
Eq. (12) with that obtained from attitude measure- 
ments is presented in Fig. 4. It can be seen that the 
agreement is excellent even in the extended range of 
40°, primarily because the small-angle assumptions 
produced errors which are obscured by the accuracy 
of the data. 


Appendix A: The Epicycle Solution 
of the Equation of Motion 


In the coordinate system shown in Fig. 5, the equa- 
tions of motion may be written, assuming rotational 
symmetry, 


ma, — mgf(0, ¢) = =F, 

m(t — wp + ur) — mgf(0, d) = =F, 

m(w — uq + vp) — mgf(6, d) = =F, (A-1) 
Lp + U,— 1,qr = =M, : 
14+ , — I,)pr = =M, 
1i+ (I, — I:)pq = 2M, 


The trajectory of the missile may be decomposed into 
straight-line segments with d = Oand = 0. Further, 
the gravity term is negligible compared with the other 
terms and the following simplifications may be made 
by letting 


IL,el,=1 u/V=>1 
v/V=B w/VYa 
Eqs. (A-1) then become 
O = F, 


I 
M 
a>) 


mV(B — ap +71) (A-2) 


mV(a — q+ Bp) = =F, (A-3) 


p = constant 
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G+ [(:/I) — 1]pr = (2M,)/I (A-4) 
i+ [(1 — (1, I) |pq= (2M,)/I (A-5) 


At this point, it is convenient to make the plane normal 
to the missile’s x-axis a complex plane with y as the real 
and z as the imaginary axis. This results in two new 
variables: 


a’ B+ ta 


II 


o =qtr 


Eqs. (A-2) through (A-5) can thus be reduced by multi- 
plying (A-3) and (A-5) by 7 and adding to the previous 
equations: 
a’ + ipa’ — w = [2(F, + iF.) |/mV / 
; » (A-6) 
w+ ip(l — (,/I)]o = [2(M, + iM,)]/T\ 


Assuming that the moments and forces are linear func- 
tions of angle of attack and angular rate, then 


[2(F, + iF.) |/mV = —(qtACna:/mV)(a’) 
[=(M, + iM,)|/1 = —(iqgAD/I) [Cna(a’) + iCn(w) | 


Substituting in (A-6) and rearranging yields 


GtA Cra 
« +[ir+" Jato =0 


mV 
R lm VADC, 
. = —_— 4 ) 
i E ( *) T |: . 
| = | Pea, 0 
I a - 


(D?+ BD+ C)ja’ = 0 


With D = d/dt, this reduces to 


(D? + BD + C)w = 0 
which has the solution for the angular rate 
o= Ke + Koe™ 
where 
ne = —(B + VB? — 4C)/2 


K, and Ky are set by initial conditions, and 


; f gtd Cre VADC,, 
B= 2—- ——— . 
P ( Vi ) r mV I 


i. - i, gtd Cra 
= —p?(1— 1 — — 
. p*( ) + io ( *) mV 
> GAD Cn, GAD Cna CngCnaqe?A ?D 
aint = = 


I I mVI 


Note that the solution for the angle of attack is identical 
except for the initial conditions: 


a’ _ cA + Cin™ 


The roots can be separated into real and imaginary 
parts, and the solutions rewritten 
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/ ui(t) + 10:(t) u2(t) + 162(t) 
a= Cie , + Cre 
- ui(t) + 16;(t) - Uu2(t) + 162(t) 
w= Kye" + Kee 


Neglecting the influence of damping terms on fre- 
quency results in the following approximation for the 
imaginary parts of the solution: 


la, he rs, GADCna rd 
Aar= p l— 2] + 4]? = ] (A-7) 


Following the method of Nelson? the real parts are found 


as 

aes | - gene | ” 

= 2 mV ] 
pl, | oes ete] 
wol mV I 

where 

a p27, VADCna 1 — 
w= 47? I — r 


Appendix B: Determination of the Angle 
of Attack From Rate Data 


From the basic equations of motion listed in Eq. 
(A-1), Appendix A, the force equations may be written: 


(0 + iw) + ip(v + ww) — iu(g + ir) = 
[Z(F, + iF,)]|/mV_ (B-1) 


This equation is a result of writing the basic vector 


equation with respect to a fixed axis and then con- 
verting it to the body axis by the well-known trans- 


dV dV 
= +oxXV 
Ot Foca dt /boay 


Thus, if the aerodynamic forces were zero and the 


formation 


following approximations were made: 
9) 70) 9) 70) 
te hn. ~ a’ — ~a’, = 


. = V V 


Eq. (B-1) would say that the tate of change of a’ in 
the nonrolling body axes is equivalent to the angula 
rate of the vehicle, g + ir. In other words, Eq. (B-1) 
would be 

a’ + ipa’ = i(q + ir) (B-2) 


The left-hand side can be recognized as 


(=) _ (=) + oXa! 
dt space r dt body P . 


Thus, it can be seen that if the lift forces are small, 
that is, if 

[>(F, + 1F.)|/Vm = 0 
Eq. (B-2) may be very useful, since it is (g + ir) that 


is measured by rate gyros. 
The solutions of Appendix A for a’ and w are not 
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contradictory to Eq. (B-2). This can be shown as 


follows: From Appendix A, neglecting damping terms 
and w, 
a’ = Cye"*" + Cre (B-3 
Upon differentiation this is 
ae! = 1Cywe" + iCyw2e'" (B-4) 
Now Eq. (B-2) states that 
a’ + ipa’ = 1W (B-5) 
Substituting (B-3) and (B-4) in (B-5) yields 
Ci(w, + pre’ + Cx(we + pe” = w (B-6) 
This can be rewritten 
Kye" + Keel” =w=qtir (B-7) 


which is identical in form to the solution found in 
Appendix A. 

It can be further shown that Eq. (B-6) is consistent 
with classical approaches by the following: The rela- 
tionship between angular rates (p, q, r), and the Euler 
system (y, 6, d) is 

p=¢-—ysinée 
qg = 6cos¢ + ¥cos@ sin @ 
r = 6sing + ¥ cos # cos @ 
For small 6 and y, these can be reduced to 
p= ¢, q6cos¢+ sin o 
r =~ —é6sin @ + ¥ cos ¢, 
w=gqtir=(6+ wWe-™ 


% = pl 


or, if w is resolved in to the space-fixed coordinates, 
we?! =O + ip = des’ 


where a,,’ = a,’ resolved into space system coordinates. 
Now let 


then 
Ges’ = a'e'?* + &'e'?' 
Substituting (B-3) and (B-4) yields 
Gis,’ = 1C\(w, + pe ro + 1C02(we + pe’ ss 


pyt 


or, since 


therefore 
w = Cw, + p)e’*" + Co(wo + p)e"’™ (B-8) 
From the preceding sections, it follows that 
+ Cre" 
OO lee = iC | a | C2 @’ low = 


Thus, if the values of the initial magnitudes C, and 
C, can be found, the oscillation envelope will be deter- 


mined. 


a’ = Cer 


C, _ |C2 || 
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Eq. (B-S) can be written in the following form: 
o> + ir = Ke + hae" (B-9) 
Now by fitting an epicycle to Eq. (B-9), Ay, w:, As, and 


w. are determined. Thus, by using Eq. (B-S) and com- 
paring (B-9) and (B-7), the oscillation envelope is found 


to be 
” K, Ks 
|@ max — 
w, + p ws, + p 
F (B-10) 
arr K, Ky 
| a@ |min — se 
w + p we + p 


Appendix C: Description of Datatron-Routine, 
Best- Fit Epicycle 


The first step is to examine the data to select the 
amount of data which can be processed at once. This 
can be estimated from plots of g versus r from which 
rough measurements of the frequency and vector mag- 
nitudes may be obtained. The sections are chosen 
so that a cubic can represent the variations in w and 
an exponential quadradic the variations of the magni- 
tudes. The routine is also limited to 1000 input data 
points. The number of data points in each short 
group is from 5 to 15, with a nominal value of 10. 
Thus, the following input constants will be provided 


for each run: 


} | ] 


0 x; O D; 


n 
x; = > cos (w; — we;)(t; — J) 


1=1 


where 
(3) Calculation of ¢;, ¢2;, Ay;, and Ao;: 

K,, = VA? + B? 

Ke, = VC? + D? 

O° < de; < 360° 


gy = tan—"(B,/A,;) 

¢@, = tan—'(D,/C)) 

0” < & < 360° 

where the quadrant determination is made in the 


standard manner with B and D as ordinates, and -1 


and C as abscissas. 
(4) Calculation of 4,;,-; and @:,,, (1 <j < N): 


,,, = (F,; ao P;_2) (Aja os t 2) 


b> j-1 = ($25.1 — &2,;2)/(ha — -s) 


Po = ws 


= 1,1 


where 


| > [9¢; cos w(t; — b) + 1 sin w;(t; — 4) ] 
t=] 


> [—4: sin w(t; — 7) + 7; cos w(t, — 7) ] 
t=1 


1960 
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(1) Block address and lane number of first time 
group of data to be taken from magnetic tape; 

(2) Word positions of input g and r in each time 
group; 

(3) , the number of groups in the section of data 
to be taken; 

(4) n, the number of data points for each group; 

(5) wy and we; for each group;* 

(6) Beginning block address and lane number for 
output g, 7, Ag, Ar; 

(7) Word positions for output data gq’, r’, Ag, Ar, in 
each time group. There are three parts to the pro- 
cedure as specified below: 


Part I 
Calculation of vector magnitudes, A,; and K»,;, and 


total angles turned through, ®,; and ®,;, for each group. 
(1) Calculation of the midpoint time of each group: 


. le 
i, = 
MW j=} 
where 7 = data point index 
tf =4,29 4...058 
j = group index 
J @EL24.-6. 8 
n = number of data points in each group 
N = number of groups in the section 


(2) Calculation of 41, B, C, and D: 


n 
> [—q; sin w,,(¢; — 2;) + 7; cos a,;(t; — 7;)] 
H 1 


> [4i cos w(t; — 7;) + 7; sin w(t; — 7) ] 
i=1 


(5) Calculation of 8; and B2;: 
_ ®, ,1 + Gi, — i, 1), C= 1) 
360° 
Gj + (i — 7, 1) Py, 1— 2; 


Bs; = = 
360° 


where @,; and 82; are to be rounded off to nearest integer. 
(6) Calculation of #,; and ®,;: 
$,; = 8,,(360°) + dr, 
Be,(360°) + ¢:; 
P21 = 2,1 


Il 


b., 


P, = oi, 


* For the first pass, the values of w,; and w2j are estimated from 
Subsequent passes use outputs of the previous 


where 


plots of g versus r. 
run. 








flo 


fo 


wh 


an¢ 


dec 


Ag, | 


Par 





time 


time 


data 


- for 


r, in 


pro- 


and 
up. 
Up: 


ym 


US 


REDUCTION OF FLIGHT TEST DATA 


The outputs of this part (to be tabulated in fixed or 
floating point) are A,,, A»;, ;, &.;, 4;, B;, C;, and D, 
for each group. 

Note: The values of w; and we; for the first trial are 
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supplied, and for all successive trials are those calculated 
in Part IT. 


Part Il 
Fit a cubic or quadratic through the ®’s and a 
quadratic or straight line through the A’s of the section. 
(1) Calculation of a1, );, €), d), de, be, co, and do: 





\ \ 
b, [,,, t;"] bs } [Po;, t;"] 
j=1 , =] 
M, a ae My, =|". 
C > [#,, (t;’)?] Co >, [4,, (¢,’)?] 
j=l j=l 
\ \ 
dy > [#,,, (2,")?} do > [P.,, (f $7] 
j=] j=1 
\ \ \ 
\ > &’) Sw? >d wy’)? 
J j=! j=] 
\ \ \ \ 
~&%’) V@e)?d w&'’)? d (y’) 
j=1 j= j=l j=1 
where M,| = d 
\ N \ N 
> (t,’)? (t,’)? > (t;’)4 d ()")® 
j=1 j= j=1 j=! 
\ \ Vv \ 
> (t;’)? d (t’)4 d (t;)5 d (t,’) 
j=1 j=1 j=l j=1 
and ti’ = 4, — be 


Note: Inclusion of the d; and d, terms is optional. 
(2) Calculation of w;; and we; which will be used in calculations of the next trial for all j’s. 
oj; = b, “pr 2et;' a 3d,(t;’)”, wo; = bo + 2¢ot ; te 3d2(t;’)? 


(3) Calculation of p;, Ai, 41, p2, Av, and po: 


\ ) oN 
P)  & In Ki, P2 > In Kz; 
j=l j=l 
N Vv 
Ms) | = | dX [dn K,,)t,"] Mz! |d2| = | Dd [dn K2,)t;"] 
j=1 j=l 
\ \ 
by y» [(In K,,)(t,;’)?] [eo > [(In Ke,)(t;’)?] 
j=1 j=! 
V 
\ > (t;") d ’)? 
j=1 j3=1 
\ \ \ 
where Me of + ey > 6 
j=l j=1 j=! 
\ \ \ 
> 7’? & w’)? ¥ (’)4 
j=1 j=1 1 


Note: Inclusion of the u; and yw. terms is optional. 
The tabulated outputs (in either fixed or floating 
decimal form) are a, 0), G1, d1, G2, b2, C2, ds, pr, A1, May Pr» 


(1) Calculational qg;’ and r;’: 
gi = K, cos + K» cos 6 


r,' = K, sin 6; + Ke sin Ao 


Xs, and we for each 7. 


Part II 


Smoothed rates and resulting deviations. where 
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K = spr + ati’ + mati”? 
: 
Ko = e”™ + Roti’ + poli’? 


6; = ay + bit,’ + o(t;’)? + d,(t;’)? 
62 = do + dot,’ + c2(t,’)? + do(t,’)* 
t,’ = t; “= bj =1 


Note: Throughout Part III 7 is the index for all 
nx»). 


data points of the section (¢ = 1, 2,... 
(2) Calculation of Ag; and Ar;: 


Agi = Ui — Qi’ 
Ar; = "i — 7; 


Note: Inclusion of the 4, us, d;, and d» terms should 
be optional. 

The outputs of this part (to be tabulated and stored 
in fixed decimal form on magnetic tape) are q,’, 7;’, 
Ag;, and Ar;. The results of each run can be examined 
and when a new run is required the values of w,; and 
w2; from the previous run will be used for the input 
to Part I. 
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The pertinent units employed are as follows: time, 
sec; g, r, degrees/sec; ¢, degrees; w, degrees/sec; ®, de- 
grees; ®, degrees/sec. 
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Supersonic Flow at Surface of a Circular Cone (Continued from page 912) 





Analysis of the experimental data of reference 11 
suggests that the range of angles of attack for which 
Stone theory provides useful approximations for the 
pressure on the cone surface and the entropy in the 
windward plane of symmetry may significantly exceed 
that for which the second-order correction formulas 
of Section (4) are valid approximations. Conse- 
quently, it may be desirable to solve Eqs. (31) and 
(32) numerically at angles of attack beyond the range 
of validity of Eqs. (46) and (52). 

Recently, H. K. Cheng’! obtained a perturbation 
solution for the hypersonic flow over yawed cones. 
He has shown in the hypersonic approximation (i.e., 
for small y — 1 and large free-stream Mach number) 
that despite the breakdown of the perturbation solu- 
tion near the cone surface, the expression for the 
pressure on the cone surface remains valid to second 
order. This is a special case of the present work in 
which it was assumed on the basis of experimental 
evidence and order-of-magnitude considerations that 
Stone’s perturbation solution for supersonic flow yields 
in useful approximation the pressure distribution on 
the cone surface to second order in the angle of attack. 
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Plastic Compressive Buckling of Simply 
Supported Plates on Interior Elastic Supports 


PAUL SEIDE* 
Space Technology Laboratories, Inc. 


Summary 


The plastic compressive buckling of rectangular plates on elas- 
tic foundations is treated by means of the Bijlaard-Stowell theory 
Four specific cases of interior elastic support 
a uniform founda- 


of plastic stability. 
are considered for simply supported plates: 
tion, equally spaced longitudinal or transverse line supports, and 
uniformly distributed point supports. All solutions are similar 
to those for the corresponding elastic problems. 


Symbols 

me oe functions of material properties given by Eqs. 
(3) 

1 = plate length 

An = deflection function coefficients 

b = plate width 

Ci (1/4) + (3/4)(E,/Es) 

oO = foundation modulus, lb. per in. per sq.in 

C2, ¢ longitudinal and transverse line support con- 
stants, respectively, lb. per in. per in. 

C4 point support constant, Ib. per in 

D elastic plate flexural stiffness, 
[D = Et3/12 (1 — »?)] 

E Young’s modulus of plate material 

E, = secant modulus of plate material 

E, = tangent modulus of plate material 

ket, Rpt = elastic and plastic buckling stress coefficients, 
respectively 

ki, k buckling stress coefficient for plate supported 
by foundation and transverse line supports 
respectively (b?0,,t/m?D) 

ho, ks = buckling stress coefficient for plate supported 
by longitudinal line and point supports, 
respectively (/2¢.,t/m?D) 

L = distance between transverse supports; longi- 
tudinal distance between point supports 

l = distance between longitudinal supports; trans- 
verse distance between point supports 

M = number of longitudinal bays 


N = number of transverse bays 


bg = number of buckles in transverse and _ longi- 
tudinal directions, respectively 

t = plate thickness 

V = potential energy 

Vp = potential energy of plate 

V, = potential energy of supports 

w = plate deflection 

x;'9 = coordinates in plate 

By = plate aspect ratio (a/b) 

Bo = bay aspect ratio between longitudinal stiffeners 
(a/l) 

Bs = bay aspect ratio between transverse stiffeners 
(L/b) 

Bs = bay aspect ratio between point supports (L//) 

v1 = foundation stiffness parameter (b4c,/7‘D) 


Received October 26, 1959. 
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stiffness parameter 


longitudinal line support 


(13¢./4D) 

1 transverse line support stiffness parameter 
( b% 7 ‘Dp ) 

4 point support stiffness parameter (/%c,/2‘D 

€ strain 

n k,./R,1, plastically effectiveness ratio 

v Poisson’s ratio 

o stress 

Cor critical compressive load 

o secant yield stress defined by the intersection 
of the stress-strain curve and a line through 
the origin having a slope of 0.7 E 

Subscripts 
L224 pertaining to problems investigated in the 


present paper 


Introduction 


T= ELASTIC STABILITY of stiffened plates has been 
treated in detail in numerous papers. No such 
investigations have been presented, however, for stiff- 
ened plates that buckle in the plastic range. In the 
present paper, four problems in the theory of plastic 
buckling of elastically supported plates are solved in a 
manner similar to that for the corresponding elastic 
stability solutions. The cases treated are the plastic 
buckling under uniform axial compression of simply 
supported plates stiffened in the interior by a uniform 
foundation, by longitudinal or transverse line supports, 
or by point supports or posts (see Fig. 1). 





Case! Case ll 





Case Ill 


Plate on Transverse Line Supports 


Fic. 1. 


Plate on Point Supports 


Problems treated in this paper. 
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4 ¢ a) 1 1.2 1.4 


Fic. 2. Buckling coefficients for plate on elastic foundation. 
The plastic stability theory used is the Bijlaard- 
Stowell deformation theory (references | and 2). Al- 
though a deformation theory of plasticity can be shown 
to lead to inconsistencies in certain cases, the results 
obtained from its application to plastic stability prob- 
lems appear to be in much better agreement with ex- 
periment than those given by flow theories. Various 
arguments have been advanced to account for this 
paradoxical situation, including the introduction of 
the effects of initial imperfections, but the evidence in 
favor of flow theory over deformation theory for 
buckling remains inconclusive at the present time. 


Theory 


The plastic compressive buckling load is given by the 
minimization of the following expression, based on the 
work of references | and 2: 


V = Vz + V, (1) 
where 
PLLA) 
P 2 JoJo lL \dx? 


 O'w O*w ~ [O*w\? 
“= +0 ) + 


ax? ay? t © aye 
(oe) - (Sy la iy (2a) 
: a dx dy (2a 
dxdy D \ox 7 
V, = strain energy stored in elastic supports (2b) 
and 
~ +f E, ” 1 — p? i 
sat cee 2v) 8 mal 9 » Ei Es 
3 os an ai. 
(3a) 
i a 1 — 2v)(E,/E) -~ 
gutta eee (3b) 
Z Ci 
C = (1/G)A (3c) 
Pie SO ee (3d) 


3 E 1 — (1/3)(1 — 2»)(E,/E) 


o 


SCIENCES—DECEMBER, 1960 


ee 3 3 E,/E 
 —” ene 


(3e) 


Note that Eqs. (1) to (3) reduce to Eq. (18) of reference 
2 when » is equal to 1/2 and to the elastic equations 
when £,/E = E,/E = 1. 

A suitable deflection function for the simply sup- 
ported plate is given by 


: | mrx . nry 
w= = Qmn Sin sin = (4) 
m=1 a=] a ) 


Substitution of Eq. (4) into Eq. (2a) then yields 


mn 2 
Yc ee ee 


Sa’ m=1 n=1 


| An + 2(B + 2F)m?n? zs + 
52 


es bot a . f 
Cn a — Tp wa Ban (0) 
ae 


The form of the expression for the strain energy stored 
in the interior elastic support varies with the type of 
support. Therefore, each case will be treated separately 


in the following sections. 


Case I—Uniform Foundation 


The energy stored in the uniform Winkler foundation 


is given by 


| ea b 
V,, = a | [ w* dx dy = 
2 0/0 4 


m*Db 


— 2 Lo vBidmn? (6) 
oa? m=1 n=1 


Then 


OV, + V,,)/Odan = 0 = Am! + 
2(B + 2F)m2n?B,2 + (Cnt + y1)81! — Rym?B,?, 
m=1,2,... = 

2-12 (4a) 


from which 


ki = A(m?/B,?) + 2(B + 2F) + (EC + 71) (B17/m?), 
m=a1,2,..« i) 


since, for minimum &;, ” is taken as unity. The value 
of m used is also that which minimizes &. 
Eq. (7b) may be put into the form of that for the 


elastic plate on an elastic foundation; thus, 




















Fic. 3. Reduction factors for buckling of infinite simply sup- 


ported plate on elastic foundation (vy = 0.3). 
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rLASTicC Cours 


m Bi\? v1 l \ Bi? 
+ + a \) - (8) 
By m A Cy m 


Thus, if we plot the quantity 


E . (7 + 2F 
A 7 A 


versus (; for different values of 


l 
A C\ 


we obtain curves that are applicable for any stress- 
strain curve. The use of these curves, shown in Fig. 2, 
for analysis or design is subject to a trial and error 
procedure in most cases. For instance, if we are given 
the material, length, and width of the plate, the desired 
buckling stress, and the foundation modulus, we may 
enter Fig. 2 with the given value of 8; and obtain corre- 
sponding values of k; and y, which are plotted. With 
the desired buckling stress and the given foundation 
modulus we may now assign various values of the 
plate thickness ¢ and obtain other corresponding values 
of kj and y, which when plotted will yield a straight 
line that will intersect the theoretical curve of k; versus 
yi: and will thus determine the plate thickness. As 
another example in the realm of analysis, if we are 
given the plate dimensions and material, and the 
define a theoretical 


foundation modulus, Fig. 2 will 


ky o (7 + 2F ) 
A A 


versus j +—-1 


curve of 


If now we choose various values of buckling stress, we 
obtain, from the plate dimensions and the foundation 
modulus, corresponding values of 

ky B aa 2F 71 ] 

-—2 = — | and =~+--—-l1 

A A A Ci 

which yield a curve intersecting the theoretical curve 
to determine the buckling stress. 



































Fic. 4. Material constants for stress-strain curve (vy = 0.3). 
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K 


Buckling stress coefficients for infinitely long plate on 
transverse line supports 


Fic. 5 


It is also customary to express plastic buckling results 


as 
Rn nk, (9) 


Then, since the buckling load of an elastic plate on an 


elastic foundation is given by 


(3,;/m)|? + y1(817/m?), 
m=1,2,... (10a) 


ky [(m2/1) + 


we have 


A(m?/8,°) + 2(B + 2F) + (C4 ¥1)(81"/m?") 


U] a - . > he 
[(772/81) + (B1/m)|* + yi(B1?/m?) 
m=1,2,... 
(10k 
m=1,2,... ») 


where the notation #7 has been introduced to indicate 
that m and #7 may not have the same value for given 
values of 8; and ¥;. 

For the infinitely long plate, 8,/m varies continuously, 
so that Eq. (7b) can be minimized analytically. Then 


0k: /0(8:2/m?) = 0 = (C+ y:) — A(m4/B;4) 


(lla) 
or Bi/m = VA/(C + 1) (11b) 
and ky = 2(VA(C + 1) + B+ 27) (11c) 
From this, for the infinitely long plate, we have 

VA(C + n)+B+2F 
7 = (11d) 


Vitut 


Reduction factors for the infinitely long plate are 
illustrated in Fig. 3 for the Ramberg-Osgood stress- 
strain curve described by 


Ey a 3 fa \* 
: — + - 
Cy Cy ( \gy 


The derived quantities E,/E, E,/E, C,, A, B, C, and 
F (for v = 0.3) are plotted in Fig. 4. 


(12) 
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Case II—Equally Spaced, Longitudinal Line Supports 


The energy stored in the longitudinal line supports is 


1 ex! «Db 2S a/fe » \2 
Vu = = Ce Zz (w, = pl)*dx = —— 7262‘ — 7 oe Amn Sin nr t 3 (13) 
2 0 p=!l1 Sa N p=1 m=1 n= N 
HV, + J,,) . = - 2? _ 4 
Then : — = (1) = | Am* + 2(B + 2F)m?n? = + Cn! Bs — kym?B2? | Ginn + 
Onn N? N* 
o N-1 
; ae w= 1 2 8. 
72824 pe mj pe sin 17 p sin jar Po sae (14) 
j=l p=1 N N oe ae ae 


Eq. (14) are analogous to Eq. (A4) of reference 3, and the stability criteria may be written immediately as 


l -- l 


+ i= ee SE a : = 0, 
2 j=—0 A(m'/B.*) + 2(B + 2F)(m?/Be”)[(27 + (p/N)]|? + Cl27 + (p/N)]* — ko(m?/Be”) 


m = |, 2, 3, 15 
p =1,2,. (N — 1) (tom 
and ko = A(m?/B.2) + 2(B + 2F) + C(B.2/m?) n= 1, 2.3.... (15b) 
whichever yields the lower value of k. Eq. (15a) can also be expressed in the closed form 
l 1! ( (sinh 0,) /0; (sin 62) /@. ) 16 
= 5 ae aa ' Sar (16a) 
Y2 2C(6;7 + 027) \cosh 6; — cos r(p/N) cos 0. — cos r(p/N) 
where 
” = = = = = ey = BZ Sys ss 
81,2 = m(m/82)V (1/C){-V(B + 2F)? + Clka(G.2/m?) — A] + (B + 2F)} : mee ey 


Eqs. (16) coincide with Eqs. (A21) of reference 4 if the following substitutions are made: 


ko/(B + 2F) = (Rk) et. 4 — {1 — [AC/(B + 2F)2]} (m/B)* ref. ‘) 


B,/m = V(B + 2F)/C(B/m)ret. s (17) 
v2 = C(b*/m'D) ret. 4 \ 


With these definitions, we can utilize the results of reference 4 to find plastic buckling coefficients. For a given 
value of o/a,, the curve of ky versus 6./m for a given value of y2 and for a given value of buckling stress may be 
obtained by subtracting the quantities 
{1 — [AC/(B + 2F)?]} (m/B)*rct. 4 

from the ordinates of the curve of reference 4 for Yb*/r‘D equal to y2/C. This procedure yields the curve of 
k./(B + 2F) versus (82/m) VC (B + 2F) for plastic buckling, from which the curve of k2 versus 82/m is obtained by 
multiplying the ordinate by B + 2F and the abscissa by V(B + 2F)/C. When this is repeated for other values of 
buckling stress we obtain a complete series of curves for a given value of 72. 


Case III—Equally Spaced, Transverse Line Supports 


For transverse line supports the stored energy is given by 


i ef w*Db . a = mri \? 
Va = Ses > W rag, dy = 7363°(2M*) } >» Amn Sin (18) 
0 


2 q=1 8a’ i=1 \M=l M 
Then 
o(V V; mn ee 2 
( ae = 0 = (Am! + 2(B + 2F)m?n?M°B3? + Cn*M4B34 — k3ym?M?B37|]amn + 
Amn 
co M-1 
sd . mrq . krq m = 1, 2,3,. 
QA 33.8 Len = 0 Pegs 9 
"Bs! ze » ene gw ign... 


Eqs. (19) are similar to Eqs. (8) of reference 5, and the stability criteria may then be written immediately as 


1 ~ 1 








+ y» a Tt Bp 9 . t 9 " Fiz = an - 0, 
Bs* 73 -=—@ A[2k + (g/M)]* + 2(B + 2F)B32[2k + (g/M)]? + CBs* — ksB2?(2k + (g/M)]? 
g=1,2,...(@M-—1) (20a) 








to 


Ww 
st 
sp 


st 





(15a) 


‘15b) 


16a) 


L6b) 


(17) 


iven 
y be 


e of 
1 by 


2s of 


(18) 


(19) 


Oa) 
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where has been taken equal to unity for minimum 73, and 


© 
to 
on 


ks = A(m?/632) + 2(B + 2F) + C(6,2/m?), m= 1,2,3,... (20b) 


whichever yields the lower value of k3. Eq. (20a) may also be expressed in the closed form 


1 dca ~~ | (sin di)/¢1 a 
¥3 2A(g:? — 2”) 


cos ¢; — cos m(q/M) 


where 


(sin d2)/oe | 2 
cos ¢2 — cos m(q/ M) : 


g=1,2,...(@M—1) (2la) 


When there are an infinite number of transverse bays, g/ M varies continuously, and minimization of 3 with respect 


to g/M yields 


l Si y b; V (si ) DY 
cos + a , eos g1 + cos g: — (cos g; — COs ¢2) v (ia igs T r Ss | — 1< cos om <1 (22a) 
M2 V (sin ¢:)/d: — W (sin $2) /de M 
2A (o:? — ¢2?) cos ¢; — cos ¢2 
and 7%: = ; (22b) 


183° lV (sin ¢1)/¢1 — V (sin 2)/d2] 2 


It can be shown that Eqs. (21) and (22) of the present paper are identical with Eqs. (12) and (16) of reference 5 for 


a = Oif we make the substitutions 


— B+ 2F 
kz = VAC| bat. i 2(1 - = )} 
VAC 


4 


Bs aan Bret. 5 VA / c 3 = Yref.5 ¥ CA (23) 


which indicates that the results of reference 5 may be used to obtain plastic buckling coefficients with little difficulty. 
The transformed results of reference 5 for an infinitely long plate are shown in Fig. 5. 


Case IV—Puint Supports or Posts 


When the interior support is provided by elastic point supports or posts, the stored energy is expressed by 


1 M-1 N-1 
Vs = 9 ae uu (WragL, yma)” 
“ q=1 p=! 
a'Db M3 ee 8 
= = 4 3 
sat N 2 p= 
Then 
OV, + Vea) a ™ , we 
~=0= | Am + 2B + 2F)m*n? — 
OD mn n Ne 


ra. 2 _ i, 
44843 — p> p A jx ( Ye sin mr q sin jr ! )( 
N j=1 k=1 q=1 M 


M 


— 
B.? + Cn‘ Vy 


> 


p=1 


| (24) 


/ 


=} 


= mr b \* 
> 2 a Amn SiN tg sin m7 * | 


m=1 n= 


4 


v4 


B,* —_ kam M3 Amn + 


1 
; 7 b = 1.2.3; ..+% . 
sin 11 4 sin kr , “i ar ee (25) 


Eqs. (25) are similar to Eqs. (7) of reference 6, and the stability criteria may be written upon inspection as 
| i i 


together with 

k, = A(m*/B,2) + 2(B + 2F) + C(B2/m?) (27) 
whichever of Eqs. (26) or (27) yields the lowest buckling 
stress. There does not appear to be any simple corre- 
spondence between Eqs. (26) and Eqs. (11) of reference 
6, so that new calculations for plastic buckling of post 
stiffened plates are necessary. 


Concluding Remarks 


Solutions for the plastic compressive buckling of 
simply supported plates on four different types of in- 
terior elastic supports have been presented. It has 
shown that the numerical results for three of the prob- 

(Continued on page 950) 





The Divergence of Supersonic Linear 
Viscoelastic Lifting Surfaces Including 


Chordwise Bending’ 


HARRY H. HILTON* 
Unwersity of Illinois and Hughes Aircraft Company 


Summary 


An elastic-viscoelastic analogy is developed for the creep de- 
formations of lifting surfaces. It is applicable to chordwise 
bending and torsional divergence analyses. The general linear 
viscoelastic stress-strain relationships are used and the analogy 
is derived in terms of Fourier and Laplace transforms. An 
illustrative example for the case of torsional divergence is in- 
cluded and the contributions of the various parameters influenc- 
ing creep deformations are discussed. It is further shown that 
analyses based on linear viscoelastic stress-strain relations will 
not lead to divergence of the lifting surface in a finite time. 
However, the deformations can become exceedingly large in a 
relatively short time and alternate methods for the determina- 
tion of maximum lifetimes are presented. 

An expression is derived for the effective polar moment of 
inertia for an arbitrary cross section. It is shown that for a 
homogeneous linear viscoelastic body it is identical to the ex- 
pression for an equivalent homogeneous elastic body. 


Symbols 
a = speed of sound 
A = area 
Qn, bn» = viscoelastic material properties 
b = half span 
B = see Eq. (12) 
Boy, = Euler’s number 
Cc = chord 
CO = distance from leading edge to point of maximum 
thickness 
Cc = see Eq. (45) 
D = ratio of aerodynamic to elastic stiffness 


distance from axis of twist to center of pressure 


II 


G = shear modulus 

G = complex shear modulus, see Eq. (20) 
h = thickness 

I = moment of inertia 

Bi ie = effective polar moment of inertia 
K = bulk modulus 

L,(t) = Laguerre polynomial 

M = Mach number 

Mp = bending moment 

My = torque 

P,Q = differential operators 

p = complex variable in Laplace transform 
q = aerodynamic pressure 

Ru = amplification factor 

t = time 
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Ms = nondimensional time 
‘i = temperature 
deflection 
v, ¥, 5 = coordinates 
a = slope of chord line 
a = rigid-body angle of attack 
€ = strain 
n = coefficient of viscosity 
7) = angle of twist 
é = nondimensional form of x 
p = density of air 
a = bending stress 
o = shear stress 
T = relaxation time 
w = complex variable in Fourier transform 
Introduction 


i ibe: PROBLEM OF DIVERGENCE of supersonic, elastic 
wings has been studied extensively by Biot.' ft 
He has demonstrated the tendency of the leading edge 
to “‘curl up’ and he has also investigated the influence 
of chordwise bending on torsional divergence. The 
elastic leading edge problem has been further discussed 
by Fung.’ 

Due to high speeds, the structure of a flying vehicle 
will be exposed to aerodynamic heating and, at the 
resulting elevated temperatures, the material proper- 
ties will change radically. The material will become 
inelastic, exhibit creep characteristics, experience re- 
ductions in strength and stiffness properties, and be 
subjected to thermal stresses. Since the aerodynamic 
moments are, as a first approximation, directly pro- 
portional to the slope of the deflected chord line, and 
since the resisting bending and torsional moments are 
dependent upon the nature of the stress-strain relation- 
ship, it is evident that the inelastic behavior will change 
the aeroelastic problem into an aeroinelastic one. 

A relatively large number of empirical and theoreti- 
cal expressions describing inelasticity are available in 
the literature.* From the mathematical point of 
view, the simplest of these are the linear viscoelastic 
stress-strain laws, by means of which inelasticity is 
represented by linear between stresses, 
strains, and their time derivatives. It was first shown 
by Alfrey*° and by subsequent extensions of his 
work®—'* that in many static, thermal stress, and 


t Reference 1 is a comprehensive summary of six of Biot’s 


relations 


papers. 
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Effect of chordwise bending on chord of fore portion of 
strip ‘“S.” 


buckling problems, viscoelastic solutions are obtain- 
able by analogy from equivalent elastic solutions. 
Very few papers have been published o~ aeroinelastic 
phenomena. Allen et al.'” have investigated the vibra- 
tion of viscoelastic beams loaded by steady aerody- 
Bozajian'* has studied the divergence of 
Divergence and flutter 


namic forces. 
nonlinear viscoelastic surfaces. 
of rigid surfaces on linear and nonlinear viscoelastic 
supports has been investigated by the author."® 
Admittedly, for large stresses the actual inelastic 
behavior of most materials is nonlinear and the linear 
viscoelastic laws do not account for such phenomena. 
However, Allen et al.'” have demonstrated that some 
linear viscoelastic stress-strain relationships, -such as 
those of the Maxwell-Kelvin body, can be used to repre- 
sent actual creep properties under constant stress and 
It has further been shown" that under 
constant Maxwell-Kelvin 


linear viscoelastic body is analogous to the experi- 


temperature. 
stress and temperature a 
mentally determined nonlinear creep law for QQ-M-44 
magnesium alloy of Baer.” 

In view of the foregoing and because of the relative 
ease with which the general linear viscoelastic stress- 
strain laws can be handled analytically, the present 
study was undertaken to gain fundamental insight 
into the creep divergence problem. This paper gener- 
ally follows Biot’s work with the exception that visco- 
elastic rather than elastic material behavior is taken 
into account. Both torsional divergence and the in- 
crease in stresses with time due to chordwise bending 
and creep are considered. The present analysis is a 
generalization and extension to many dimensions of the 
previously treated one-dimensional creep divergence 


problem." 


Leading Edge Instability and Stress 
Magnification Due to Chordwise Bending 


General Analysis 

Consider a unit chordwise strip of a lifting surface 
at y = wv (Fig. 1). Since there is a zero chordwise 
slope at the point of maximum thickness one can assume 
that the wedge is effectively clamped at this point. 
One can further assume that there is no spanwise 
bending or twisting, since the strip is of small width. 
As a first approximation transient effects in the aero- 


dynamic force and the inertia of the wedge are neglected 
and the lift and moment are assumed to be directly 
proportional to the slope of the deflected chord line. 
These assumptions are the same as those of Biot! in the 
elastic case and are justified in the viscoelastic case 
since the creep rates are relatively small. 

For equilibrium in bending it is necessary that 


[ olA 0) (1) 

J A(x) 

f o,2 dA M(x, vo, t) (2) 
4 (x) 


where o, a,(X, Yo, f) is the bending stress normal to 
the cross section. 

If one limits the temperature to a function of time 
only, then the stress field remains one-dimensional, 
provided that the lifting surface is not made of dissimi- 


lar materials and is not restrained at more than one 


edge. Such conditions will be assumed to prevail. 
The general one-dimensional, compressible, visco- 
elastic stress-strain relation is * ® ° 
}P + Q(1/K)fo, = 30}, — aT! (3) 
with the differential operators defined as 
; ; ’ 
pP # ad y\ | ) (4) 
n=U0 ot’ 
er 7 
QO > d,(T) (5) 
n=0 or’ 


If the usual assumption is made that plane sections 
remain plane, then 

€r = s¥(x, Wo, t) + al (6) 

and Eq. (1) is identically satisfied since the x-axis is 

taken to pass through the centroid of all sections of the 


undeformed wedge. Substitution of Eqs. (3) and (6) 


into Eq. (2) yields 
31 QO) y} 
and, from the usual geometric relations of a deflected 


beam based on plane sections remaining plane, one can 


= }P + Q(1/K)}} Mz} (7) 


show that 
y = 0°w/Ox" (S) 


if the nonlinear terms are neglected in the expression for 
the radius of curvature. 
Then from Eggs. (7) and (8) one obtains the governing 


differential equation 
31 Q}0*w/dx?} = |} P + Q(1/K)} My, (9) 
which can be modified to read 


3Q} (02/dx*) [7(0?w/dx?) |} = |P + Q(1/K)}q (10) 


if the material properties a, and b, [Eqs. (4) and (5)] 
are independent of x. 

For a wedge at a rigid-body angle of attack a’, the 
aerodynamic load per unit area is 


gq = (2M2/V M? — 1)pa2[(Qw/dx) + a’) (11) 
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For temperatures which are time-dependent only, 
the material properties a, and 0, are functions of time 
only. In order to take into account the Mach number, 
altitude, and angle of attack history during a given flight 
or over the entire life of the vehicle, Eq. (11) may be 
written as 

g = B(t)((Ow/dx) + a’(t)] (12) 
It is convenient at this stage to introduce the follow- 
ing nondimensional variables 
£= 1 — (x/q) (13) 
a’ = Ow/Ox (14) 
Then Eq. (10) becomes 
—3Q} (0°/d€*) [1(0a"/dE)}} = 
a*{P + Q(1/K)}{ Bi) [a’ + a’(t)]} (15) 

Eq. (15) is a partial differential equation with vari- 
able coefficients. The solution to the viscoelastic 
divergence problem can be obtained in a manner similar 
to that given in references 6 and 8. 

In particular, as a first case, let the wedge be ex- 
amined under conditions of time-independent tempera- 


ture, Mach number, and altitude. 
Let 


= 1 e ; 
a’(é, w) = a} a’(é,t)e dt (16) 


be the Fourier transform! of a’(, #). Then, the dif- 
ferential time operators can be transformed as follows’: 


oo 


; “ 1 
Plwlat(t, #) = 75 f 


; . 1 . 
O(w)a’(E, w) = vie f _ONarlé, tte" dt (18) 


P} a(é, tte dt (17) 


Operating on Eq. (15) with the Fourier transform 
yields 


O° : 4 = 
de? oe | 
Ba, 


? 
o 


(G3 + K—)(a’ + a’) 


for a’ =a'‘(t) (19) 
a [a + ead 
= 5 K- r ia é 
3 (€ + dla’ + OG + K-) 


Tr 


for a’ = const. 


with 


G = Gv) = Q(w)/P(w) = 


s r - 
b (iw) | i)*a, | (20) 
n=0 a 

The initial conditions are dependent upon the par- 
ticular viscoelastic stress-strain relation. The bound- 
ary conditions for chordwise bending with a clamped 
edge at the point of maximum thickness are 
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foa(O, OY _ 
-— 


a°(1, t) = Q¢ 


o 0a’(0, t 
045 [10 = = ']} =o (21) 


of .* 


which, in order to be used in conjunction with Eq. (19), 
are transformed to 


0a"(0, w) 


a(1,) = Q 2E 
= O Oa’(0, w) 
Qa: | 10) = | = 0 (22) 


¢ 


It is evident from Eqs. (19) and (22) that for constant 
temperature, Mach number, and altitude conditions, 
the Fourier transform of the viscoelastic chordline slope 
is equal to that of an equivalent elastic wedge of shear 
modulus G(w) and equivalent rigid-body angle of 


attack a’ or [ay + (b)/K)la’/Q(G~! + K-). This 
analogy may be thought of as a further extension of 
Alfrey’s analogy’ to this aeroviscoelastic problem and 
is similar in nature to the analogy for the general 
thermal stress problem in media with temperature- 
dependent properties.® 

Therefore, it is only necessary to know the elastic 
solution corresponding to shear modulus G and an 
equivalent rigid-body angle of attack. In general, 
such elastic solutions must be known in any case, since 
most viscoelastic bodies have initial values correspond- 
ing to elastic solutions. If 


a*[£, od a’,w] for 


a*? = "= w, G, [ay + (bo/K) Ja’ QG '+ K~')| 


for a’ = const. (23) 


a’ = a’(t) 


is the equivalent elastic solution of Eq. (19) corre- 
sponding to some boundary conditions, such as those 
of Eq. (22) for instance, then the viscoelastic deflections 
may be obtained from the inverse Fourier transform" 


; l . ,; 
av’l(é, t) = , a**e~™ do (24) 
a — 


In the foregoing, it has, of course, been tacitly as- 
sumed that the Fourier transforms and their inverse of 
all the functions involved as defined by Eq. (16) exist, 
i.e., that all the functions are absolutely integrable 
over the entire infinite range. If this condition is not 
fulfilled, then one can make use of Fourier sine or cosine 
transforms or Laplace transforms with appropriate 
modifications in Eq. (19). 

In the more general case where the temperature, 
Mach number, and altitude vary in time, it is possible 
to construct a stepwise analogy such as the one de- 
veloped in reference 8 for thermal stresses in visco- 
elastic bodies. The time scale is divided into a number 
of intervals and the coefficients of Eq. (15) are approxi- 
mated by step functions such that 

a(t) = 4" a5 = Se (25) 


10, elsewhere 
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etc., where m is an integer and 
tm = (tm + tm+i)/2 (26) 


Then, for the interval ¢,, < ¢ < tsi, the Fourier 
transform is defined as previously and Eq. (19) is 
valid in each interval with the understanding that the 
equivalent shear modulus and rigid-body angle of 
attack vary from interval to interval. Thus, from 
Eq. (24), 


] @ 
* . — iw 97° 
an’(é, t) = 7 am **[E, w, Gm, am |e “dw (27) 


V 2r o 
bn < t< tn+1 


A detailed discussion of the boundary and initial 
conditions for each interval may be found in reference 
8. Hence, the analogy is applied in each time in- 
terval. 


Stress Amplification Due to Flexibility 

The bending moment at the point of maximum thick- 
ness of the wedge will certainly be larger for a flexible 
wedge than for a rigid one. The amplication factor 
Ry,’ is defined as 


Ry’ = 2M,z°(1, t)/B(t)a?a’ (28) 


where the moment J/,° is defined by Eq. (9). The 
stress at the maximum thickness section of the wedge 
is obtained from Eqs. (3), (6), and (8), 


_Ip »(1\t _ pp Pernt . 
ra \z +@Q (x) o,(1, ft) = 3Q 4 dE (2 (29) 


or from Eq. (9), 


Jp I\ts — 2Me(1, a 
yf + Q (x) y7z(1, t) ma) § > 0 (30) 


It is evident from Eq. (30) that large bending stresses 
may develop in the wedge long before leading edge 
instability appears. If the viscoelastic moment ex- 
ceeds the corresponding elastic moment, which is to 
be expected, owing to creep (since creep deformations 
will increase the slope of the chord, which, in turn, in- 
creases the aerodynamic pressure [Eq. (11)]| and, 
hence the bending moment), then the viscoelastic 
stress will be larger than the elastic stress and the 
latter will give unconservative strength estimates. 
Stability Cons ‘erations 

The system described by Eq. (15) becomes unstable, 
that is, leading edge ‘‘curl-up’’ takes place, whenever 
the deflection, w, increases without bound. The de- 


flection is obtained from Eq. (14) by integration, with 
the boundary condition 


w(1, t) = 0 (31) 
such that 


g 
w(t, t) = -af a, t) dé (32) 
1 


Due to the type of aerodynamic loading applied to 
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Fic. 2. Effect of torsional twist 


the cantilever wedge, the maximum deflection will 
always occur at the leading edge, — = 0). 

Let tz.z. be the time corresponding to the onset of 

leading edge instability, defined by 

lim w/(0,/)—~ o (33) 

i—t, E 

The value of ¢, 2, will depend upon the cross section, 
the particular viscoelastic stress-strain relation, and the 
temperature, Mach number, and altitude conditions. 
It is quite possible that under a given set of conditions 
the deflection will remain finite. In such a case, linear 
viscoelastic leading-edge instability will not occur. 

As was pointed out previously, many viscoelastic 
media have for their initial conditions the corresponding 
elastic values. Consequently, even if the analysis of 
Biot! indicates no leading edge instability, it is still 
possible for the viscoelastic wedge to become instable 
after some time. (If there is elastic instability, then 
ti eg, = O and no further viscoelastic analysis is neces- 
sary.) 

It is not possible to list regions of stability, because 
of the large number of variables involved; each case 
must be examined individually. 

It was shown in reference 15 that for a rigid lifting 
surface on a linear viscoelastic support no finite di- 
vergence time exists. In those cases where linear 
viscoelasticity is unable to predict a finite f; 2, Eq. 
(33) can be modified to predict an ultimate time, /,, 
which instead of being based on a stability criteria such 
as t, «. is defined as the time corresponding to a pre- 
assigned maximum deflection or stress. Under such a 
definition, an ultimate time always exists for a linear 


viscoelastic body. 


Torsional Divergence 


Case 1. Chordwise Bending Neglected 

Consider next a linear viscoelastic lifting surface, 
rigid in bending but able to twist. For the sake of 
simplicity, it will be assumed that the shear centers 
are on a straight line (Fig. 2), although the analysis 
can be easily modified for a more general case. The 
problem is, therefore, to determine the torsional sta- 
bility of the surface subjected to a torque proportional 
to the rigid-body angle of attack and to the angle of 
twist 6°. 

It will be assumed that the usual assumptions of the 
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linear elastic theory hold equally well for the visco- 
elastic case. 
The displacements in the x, y, 2 directions are respec- 


tively assumed to be 


u = —6"(y, tz 
v = (00°/dy)¢(x, z, 1)? (34) 
as 


Then the shear strains are 


na ( v 4 Ou\ ( v O86” ) - 
iw Nea sae et) 


ae (= . ~) a (~ - =) 
Wwe 9\dy | dz) 2\dy > dz 


The general viscoelastic stress-strain relations in shear 


36) 


are 
‘ OP j ( 27) 
P Oxi = 22) Yzy5 (37) 


etc., with the differential operators defined by Eqs. 
(4) and (5). 

Let the line integral of the resultant shear stress, 
a;, be evaluated along the boundary of the cross section 


at constant time. 


dx dz 
64s = Cx + g,, ds (88) 
t,vy =const. t,y =const. ds ds 


Substituting into Eq. (38) from Eqs. (34)-(37) one ob- 


tains 


Ov ov . ) 
Plo,\ds = g 3 ax ist — 
g =const im i j t,vy =const. . lox ai r Oz : f 
rf QO = (edx — et (39) 
t,y =const. loy av is { ‘ 


For a,’s and b,’s which are independent of x and z, the 
first integral on the right of Eq. (39) vanishes since v 
is single-valued and the integration is along a closed 


curve. Then Eq. (39) reduces to 


> J i] i jon") 
I = ose = 2A(y) Q lay f (40) 


where A(y) is the entire cross-sectional area. 

From geometric and equilibrium considerations, 
which are independent of material properties, one ob- 
tains the usual relation for the shear stress of a hollow 


section,!® 
b 
2A (y)ho, -f Mr(y’, t)dy’ (41) 
Pt 


where M7 is torque per unit span. 
Substitution of Eq. (41) into (40) and differentiation 
with respect to y yields 


(0/dy)[Je(y) Q{06°/dy}] = —P{ Mr} (42) 


where 


10) = 140k | F lasri(s, 9) 48) 
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It is interesting to note that the effective polar 
moment of inertia, J,(y), for time-dependent visco- 
elastic material properties is the same as in the usual 
homogeneous elastic case. The foregoing analysis 
can be readily extended to multicelled cross sections. 

For the wing of Fig. 2, when inertia effects are 
neglected, Eq. (42) reduces to 


(0/Oy) [J.(v)Q) 00°/Oyt | —C(y)P\ 6° + a(t} (44) 


with 
C(y) = 2pa?M"e(y) [c(y) |? in/ M2 — |} (45) 


It is assumed that inertia effects can be neglected be- 
cause the creep rates are essentially small. However, 
if desired, they can be readily included by the proper 
definition of the a. term on the right-hand side of Eq. 
(44). 

If the a,’s and b,’s are constants, then one can again 
use the Fourier transforms as defined in Eqs. (16)—(18), 
and (20) and obtain from Eq. (+4). 


el + a’)/G, 


re) | =| al a’(t) 
Paes = { (46) 
Oy Ov | -Conte G) + (aoa’/Q)], 
a’ = const. 


For a cantilever wing, the boundary conditions on the 


transforms are 
6°(0, w) = Q[06°(b, w)/dy] = 0 (47) 


It is evident from the discussion in the previous 
section that Eqs. (46) and (47) again represent an 
analogy between the Fourier transform of the angle of 
twist of a viscoelastic surface and the twist of an 
equivalent elastic lifting surface of shear modulus G 
and equivalent rigid-body angle of attack a’. The 
initial conditions are, of course, dependent on the 
particular viscoelastic stress-strain relation. 

In the more complex problem where the a,’s and 6,'s 
are time-dependent because of temperature variations, 
one can again resort to the stepwise analogy outlined 
in the previous section and in reference 8. 

Case 2. Three-Dimensional Problem 

Biot! has treated the three-dimensional divergence 
problem by approximating the lifting surface by a plate. 
Hilton and Benjamin’ have derived the governing 
differential equation for an incompressible viscoelastic 
plate in bending and compression. For a plate of 
constant thickness, with the deflection w = w(x, y, ¢) 
measured from the initial deflection wo = wo(x, y), 
the governing equation for the aeroviscoelastic problem 
is 


h®Q\V4w} = 3P}B(t)[(Qw/dx) + a’(t)]} (48) 


It is apparent that the discussion of analogies in the 
previous two sections applies to this case as well. 
Consider as a first example the case of constant B(?); 
temperature application of the Fourier transform as be- 
fore reduces Eq. (48) to 
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(49) 


1GV! 3B (Ow Ox) + a’|l, a’ = a(t) 
1" ( w=. 
7 BI 


3B[(Ow/Ox) + aqa’/P] a’ = const. 


The boundary conditions can also be transformed 
and the analogy is complete. For time-dependent 
temperatures and/or B(t), the stepwise procedures 


outlined previously can again be used. 


Case 3. Approximate Treatment 
of the Three-Dimensional Problem 

Instead of using plate theory as outlined in the pre- 
vious section, it is possible to use a modified strip 
method suggested by Biot! for the elastic problem. 
Sasically the lifting surface is assumed to consist of the 
fore and aft parts of a strip as shown in Fig. 3. The 
bending moments at the points where the portions of 
the strip are joined are designated respectively by 
Mop,y'(, y, 1) and Mz,°(C1, y, ). The torque MW/,7'(y, 0) 
which is acting on this strip is the difference between 
these two bending moments. Then the governing 
differential equation of the strip are obtained from 
Eq. (42), that is, 


(0/Ov) [J.(v)Q} 00°/dy;} | = 
— P| Msp,"(1, y, t) — Me," y, t); 
—P)\Mr"(y, t){ (50) 


and is subject to the boundary conditions expressed by 
Eq. (47). The bending moments are defined by Eq. 
(9). 

The application of the Fourier transform to Eq. 
(50) for constant @, and 8, results in 


(0/Oy) [J.(v)G(00"/Oyv)] = —Mr"(y, ) (51) 


It will be noted that the Fourier transform of the visco- 
elastic angle of twist obeys a differential equation which 
is analogous to the elastic problem for shear modulus 
G and action by a torque W/7"(y, w). 

Since the viscoelastic bending moments are larger 
than the corresponding elastic ones, it follows that the 
viscoelastic torque \/,° is larger than the equivalent 
elastic one. Consequently, one may expect that the 
viscoelastic angle of twist will be larger than that for 
an elastic lifting surface having the same geometric 
and aerodynamic properties. 


Stability Considerations 


If at any time ¢p the deflections are such that the 
internal, resisting torsional moments are exceeded by 
the applied torques, the deflections will increase with- 
out bound. Then for tp = O, the lifting surface is 
said to be elastically torsionally divergent and for 
tp > 0 it is inelastically torsionally divergent. In the 
elastic case, divergence occurs instantaneously when 
the divergence Mach number (Mp‘) is reached. In 
the inelastic case, for any Mach number less than 
Mp‘, the deflections, and consequently the applied 
torques, increase with time until an unstable condition 
is reached at time fp. 

Let the time tp be called the divergence time, that is, 
the time at which a lifting surface for a given stiffness, 
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Mg, 


Moments due to chordwise bending on fore and aft por 
tions of strip 


Fic. 3 


Mach number, altitude, and temperature will diverge 
torsionally due to creep. For the two cases con 
sidered in this section, the time /p is defined as 


lim 0°(y, t) > 22) 


and 


lim w(x, y, ft) > © (53) 
t—>tp 
Again it is also possible to define an ultimate time, 
t,, as the time necessary to reach some preassigned 
value of 6° or w other than infinity 


Illustrative Example 


In order to illustrate the results of the present analy 
sis a simple, fundamental example will be considered 
It consists of a rectangular lifting surface of span 2b 
having viscoelastic properties of the Maxwell-body 
type. All material and aerodynamic properties are 
taken constant along the span. This problem is 
chosen because under time-independent flight condi- 
tions it leads to an analytic solution. 

For these conditions, Eq. (44) is specialized to read 


0*6"/Ot*Oy*? = —DI[(06"/dt*) + 6° + a’| (54) 
with initial conditions 


6°(y*, 0) 0°(v*) (55) 


and where 


D = Cb?/G/J,, 


t* =t/r, y* = y/b (56) 


The nondimensional quantity D is the ratio of the aero- 
dynainic to elastic torsional stiffness. 

In this problem, the Laplace rather than the Fourier 
transform is chosen because the former is simpler to 
handle in this particular case. Let 6°(y*, p) be the 
Laplace transform of 6@"(y*, ¢*), and note that the 
governing differential equation for the equivalent 
elastic problem can be obtained from Eq. (44) by setting 
P = 1 and Q = G, which yields 


(d*0°/dy**) + D(@ + a’) = 0 (57) 
Taking the Laplace transform of Eq. (54) results in 
(0°6°/dy**) + [6° + (a’/p)] = 0 (58) 

where 
g? = Dl + (1/p)] (59) 


Comparison of Eqs. (57) and (58) leads one to ob- 
serve again the previously discussed analogy, i.e., 
that the Laplace transform of the viscoelastic angle of 
twist, 6°, is equal to the angle of twist 6° in an equivalent 
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elastic problem where the shear modulus is G(1 + 1/p)~ 
and the rigid-body angle of attack is a’/p. (Note 
that the equivalent shear modulus is the ratio of trans- 
forms of the operators Q and P and that the equivalent 
rigid-body angle of attack is the Laplace transform of 
the viscoelastic a’.) Consequently, the viscoelastic 
angle of twist, 6’(y*, /*), is the inverse transform of the 
equivalent elastic angle of twist, since 6’(y, p) = 
6(y, ¢, a’ /p). 

The solution of Eq. (58) or an equivalent Eq. (57) 
subject to the boundary condition (44) is 


mee) | (60) 
cos ¢ 


To invert the Laplace transform, one expands this 
expression in an infinite series as follows: 


6"(y, p) = (a’ »| 


ee — 1)‘ — y*)*" Bacn- »D” 
[2(n — /)}! 


6° aa r 
~ 2 (2/)! 
(p + i) fi a a’ 


pre (61) 


where the B.,,_, are Euler’s numbers. The inverse 
transform of Eq. (61) may be obtained from reference 
20. 

= A (-1)'(1 — y*)”! Bon_yD" L,(—2*) 


=a’ 2, —@ 


(21) ![2(n — 1)]! 


Tr 


(62) 


where the L,(—/*) are Laguerre polynomials which are 
expressible in the form 
= n'\(t*)* 

L,(-#) = 2 63 

) g=o [R!|*(n — k)! 7 

The largest angle of twist necessarily occurs at the 

tip of the cantilevered lifting surface (y* = 1) and for 

the purposes of stability considerations it will be suffi- 

cient to investigate this point. The resulting angle of 
twist is found from Eq. (62), 


= B.D*L,\—t* 
e(1,f*) = a D — = 


n=0 (2n)! . sed 
It is shown in the appendix that the series (64) con- 
verges for all ‘* < ©; consequently, no finite divergence 
time is obtained for this linear viscoelastic body. 
Similar results have been observed in cases of creep 
buckling of columns® *! and plates," and creep di- 
vergence of lumped-mass viscoelastic systems.” 
The resultant shear stress, o,’, can be determined by 
substituting Eq. (41) into (40), which yields 


P\o,"| = [J,/2hA(y)b]Q} 00°/dy*} (65 


For the particular case of the Maxwell-body type of 
stress-strain relation used in this illustrative example, 
the substitution of the proper values of the differential 
operators P and Q into Eq. (65) yields, with the help of 
Eq. (62), 
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‘os + If o, = F = fa") wet (66) 
where 
ital " (—1)'H1(1 — y*)2!-! Bogy_pyD" (67) 
. 1=0 (22 — 1)! [2(n — J}! 
F = (J.Ga’)/(2hAb) (68) 


The solution of the differential equation (66) subject 
to the initial conditions o,°(y*, 0) = o,°(y*), can be 
written in the following nondimensional form: 


(o,°/F) = (e'* — 1)fi(y*) + (0.°/F) + 


; et) 
—e~* + L,(-t*) — n(y* 69 
p | é + Ln( ) men Fr(y*) (69) 


n=2 


where o,° is the shear stress of the equivalent elastic 
problem, given by 


of = FD fly”) (70) 


n=0 
and where the Laguerre polynomials are defined by 
n—1 Nn 1(¢*)* 


L',. —{* = a : 
u ) pm (n —k — 1)\(k + 1)!R! 


The results of a numerical example* for typical 
parametric variations are presented in Figs. 4 to 7. 
Both the maximum angle of twist (at the tip) and the 
maximum stress (at the root) are presented. Figs. 
4 and 5 show the magnification with time of the maxi- 
mum angle of twist due to creep over the rigid-body 
angle of attack and the maximum elastic angle of twist, 
respectively. It should be noted that the magnifica- 
tion of 6,,,,.° iS more pronounced with increase in the 
nondimensional parameter D [Egq. (56)]. It should be 
further noted that D increases with increasing Mach 
number, decreasing altitude, increasing area of lifting 
surface [see Eq. (45) for functional dependence of C|, 
decreasing effective polar moment of inertia, and in- 
creasing temperature (since the shear modulus de- 
creases). 

Fig. 6 is a cross plot of the preceding figure. It 
indicates, for any value of D, the length of time 
needed to reach a preassigned value of the ratio of the 
maximum viscoelastic to elastic angle of twist. In 
the absence of a finite divergence time, such as the one 
defined by Eq. (52), the results of Fig. 6 can be use] 
essentially to predict the lifetime of the lifting surface 
by limiting the maximum deflection. Once the con- 
figuration is fixed, the only unknown in the quantity 
D is the Mach number and an altitude combination. 
It should be remembered that for the configuration of 
the illustrative example, D must be less than 7?/4 in 
order to avoid elastic divergence. 

In Fig. 7 the magnification of the maximum visco- 
elastic shear stress with time is shown. It is, of 
course, possible to cross-plot the results of Fig. 7 to 


* The author is indebted to W. A. Madsen for carrying out 
the numerical computations. 
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produce graphs, similar to Fig. 6, that would indicate 
the length of time needed to reach a prescribed stress 
magnification. 

In all these plots the nondimensional time /* has 
been used as the abscissa. It is very sensitive to 
temperature variations, since it is the ratio of the real 
time to the relaxation time. Typical values for the 
relaxation time vary from 6 X 10** sec. at room tem- 
perature to 7 X 107‘ sec. at 800°F. for ‘‘Puron’”’ 
iron.”” 78 This indicates that for a given real time 
the angle of twist will increase appreciably with tem- 
perature. 


Appendix: Convergence of Series in Illustrative 
Example 


Consider the series (64) defining 6’(1, ¢*). As a first 
test of convergence one must show that the Laguerre 
polynomials remain finite. Let the usual ratio test 
be applied to the series (63) representing L,(—/*): 

kK, = im 


k—>n-—- 


(k + 1)?|} > © (72) 


Therefore, the Laguerre polynomials converge uni- 
formly and absolutely for all finite /*. 
Next, let the ratio test be applied to the series (64), or 
° Bonsi)(2n)! DE nsi(—t*) 
R, = lim (73) 
n> © | Bon(2(n + 1)]! L,(—¢*) 
From the properties of Euler’s numbers, it is known 
that 
Bacns3)(2n)! | 


lim . aaa (74) 
n—> « Boy [2(n + 1)]! al 


Substitution of (74) into Eq. (73) yields 


: 4D . Lngi(—t*) a 
R. = — lim - (75) 
TT n—-« L,(-t ) 
But D must be less than 7/4 in order to avoid elastic 
torsional divergence [see Equation (57)]. The limit 
of the ratio of the Laguerre polynomials may be evalu- 
ated from the recurrence relation 


(n + 1)Ln4i(—t*) — (2n + 1 4+ t*)L,(-—0t*) + 
nLy»i(—t*) = 0 (76) 


Dividing Eq. (76) by (n + 1)L,(—?*), taking the limit 
asn— ©, and letting 
| Dnai(—t*) 


Jim | ho | U(t*) (77) 


one obtains from Eq. (76) 


U = 2 -—(1/U) (t* < o) (78) 
since U is finite by virtue of the convergence of the 
Laguerre polynomials as seen by Eq. (72). From (78) 
it follows that U is unity, and therefore from (75) it 
follows that R, < 1, which means that the series (64) 
convergences uniformly and absolutely for all ‘* << @. 
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The Flow About a Charged Body Moving in 


the Lower Ionosphere’ 


RAUL R. HUNZIKER* 


Convair, San Diego, A Division of General Dynamics Corporation 


Summary 


The flow about an electrically charged body traveling at high 
speeds through the lower ionosphere is analyzed. A simple 
gas model composed of electrons, ions, and neutral particles is 
used and the hydrodynamic description given is based on Max- 
well’s transfer equations for a mixture 

The conditions under which local statistical equilibrium can 
be assumed are discussed, and different approaches to determine 
the gasdynamic force in the subsonic, supersonic, and hypersonic 
cases are indicated. The reciprocal action of the electric field 
of the flow on the body is also analyzed, and a formula for the 
resultant electric force is given. The total force on the body 
is equal to the sum of the gasdynamic force and the electric force. 

The negative potential acquired by a plane body is also 
calculated. Finally, the lack of validity of Debye’s linearization 
in this case and the solution of the exterior nonlinear problem 
which characterize the electric potential and the electron dis 
tribution are discussed. 


Introduction 


bpm A FINITE BODY moves rapidly through the 
ionosphere it can be inferred that the body be- 
comes electrically charged because of the incident flux 
of electrons and ions. With the naturally or artificially 
charged body there will be electromagnetic interactions 
with the surrounding ionospheric gas. It can be con- 
jectured that these interactions will affect the resulting 
force which the ionospheric gas exerts on the body and 
the electron density in its neighborhood. Naturally, 
to realize a concrete quantitative analysis it will be 
necessary to consider only those effects which are pre- 
dominant, so that the formulation will be sufficiently 
simple to allow numerical solution and still describe 
the phenomena consistently. 

An analysis of the resulting force has been given by 
Jastrow and Pearse! for a sphere moving in the upper 
ionosphere at about 400 km., in which region free 
molecule flow is assumed. For the lower ionosphere 
(Layers D and £) one can apply a macroscopic fluid- 
dynamic description by means of Maxwell's transfer 
equations coupled with Maxwell’s electromagnetic 
field equations. 
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The electron density at midday increases from a value 
of 1.5 X 10% electrons/cm.* at 60 km. (D layer) to 
1.5 X& 108 electrons/cm.* at 300 km. (F layer). In the 
FE layer which is situated at about 100 km. altitude 
and is almost 20 km. thick, the density of electrons is 
about 1.5 & 10° electrons/cm.* at midday and 104/cm.* 
at midnight.’ 

The characteristic state of the ionosphere can be 
represented by ionized and quasi-neutral gas in which 
the negative particles are exclusively electrons with par- 
ticle density \, and the positively charged particles 
are ions with particle density V;. This gas of charged 
particles is called a plasma. The characteristic prop- 
erty of the ionospheric plasma is quasi-neutrality 
(proposed by Shottky*), expressed by 


~ N 


ae 
_N. ; 


N, 
N, < N (1) 
This model in which the plasma has a strong electro- 
static Coulomb interaction has certain similarities with 
the concentrated solutions of electrolytes in the Debye- 
Hiickel‘ theory. 


Boltzmann and Electromagnetic Field Equations 
for the Ionosphere Gas Model 


We assume our model to be a homogeneous mixture 
of three types of particles. Each type will be macro- 


scopically described by its distribution function 


FA@. 2, 2), (j = 1, 2, 3) (2) 


where c is the actual velocity of a jth particle, r is the 
position vector of a cell in physical space, and ¢ denotes 
the time. One defines /;(c, r, ¢) such that the probable 
number of particles located at time ¢ in the neighbor- 
hood dr of the point r having velocity vectors ending 
in the neighborhood dc of ¢ is equal to 


fj(c, r, t) de dr (3) 


The probable number of particles of class 7 situated in 
the unit volume centered at r is 


n, = S f,(c, 1, t) de (4) 


where the integration is extended over the whole c 
space. The quantity m,(r, {) is called the number 
density function of the j-particles. The kinetic 
theory of a mixture of gases is based on the following 
system of Boltzmann integro-differential equations to 
be satisfied by the functions /;: 
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d 
5 +eV,+ [F a €(E +cxX H)] vel i; = 


z J x, (j, R = 1, 2,3), (e.m.u.) (5) 
k 


where 
F = external gravitational field, 
E = electric field, 
H = magnetic field, 


€; = ratio of charge e; to mass m,, and 
collision integrals over the velocity-impact 


= 
] 


parameter space. 


The electromagnetic field E, H will satisfy Maxwell’s 
equations (c.g.s., e€.m.u.) 


V-E = 4ra’q 
VXE+ = = 0 
ol 
V-H =0 
OE 
VxXH-a"~ = 4rJ 
a = 2.9979 K 10" cms! (6) 


3 3 
— - a 
J= +> enc; g =  » en; C,(r,t) = JS ej fide; 
j=1 j=l nj; 
(7) 


where J and g are the electric current and charge densi- 
ties, respectively.* In principle it should be possible to 
express the 


3 
pm J ix 
k=l 


which corresponds to distinct contributions, in an ex- 
plicit form. To do this a detailed knowledge of the 
collision mechanisms and the clarification of the question 
of the legitimacy of considering only binary encounters 
between distant particles would be required. At pres- 
ent no such completely defined set of equations exists 
for mixtures of charges and neutral particles. It is 
also generally accepted that no mathematical model 
of the encounters for which approximate calculations 
have been effected gives a satisfactory description of 
all phenomena. Fortunately, there are two limiting 
cases which permit partial circumvention of these in- 
trinsic difficulties. The first case concerns extreme 
rarefaction, in which the collision terms J, are essen- 
tially zero. In the second case one can apply the equa- 
tions of transfer for the gas mixture together with addi- 
tional hypotheses supported by indirect experimental 
information about the frequency of the different types 
of collisions, so that a consistent semiphenomenological 
and quantitative description of the observables related 
to the flow about bodies of reasonable and sufficient 


* Single charged ions and free-space constant inductive 
capacities € = a~? and uw = 1 are assumed. 
B 
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size is provided. It is the second case which is appro- 
priate to our problem. 


Equations of Macroscopic Description for the 
Lower Ionosphere 


As is known, by multiplying the Boltzmann equa- 
tions by a particle property ®,(r, c, ¢) and integrating 
over C space, Maxwell’s equations of transfer of that 
property ®, will follow.° In the case of a mixture it 
is convenient to specify ®,; as a function #,(C,) where 
C; = c; — Vis the peculiar velocity relative to the mass 
motion of velocity V of the mixture. Adding the com- 
ponent transfer equation for ®; = m,, and since 


“—— 
>, of; = 0 
j=l 


it follows that the equation of conservation of mass for 
the mixture is 


Op 
SF + V-Vrp + pVr-V = 0 (8) 
where 
3 
p= » p; and p; = nym, (9) 
j=l 
The total transfer equations for ®; = m,C; and #; = 


1/2m,|C; |? are 


fe) 
p (° + Vv) + Vr°P = 
pF + qE+JXH 


(e.m.u.) (10) 


Q 
p (° + v-vr) U+Vr-Q+ P:VrV = 
j-(E+VXH) 


where the conduction current j is the difference between 
the electric current J and the convection current J,, 


(e.m.u.) (11)* 


3 3 
j=J-—V>d em = dX enie;-—V) (12) 
j=1 j=1 


and P, Q, and U are identified with the stress tensor, 
heat flux vector, and intrinsic kinetic energy of the 
mixture, respectively. 

The above transfer equations lead to a natural defi- 
nition of kinetic temperature 7 of the mixture but 
do not imply thermal equilibrium which is a necessary 
condition for equipartition of energy. That is to say, 
when using Eqs. (10), (11), and (12) the kinetic tem- 
peratures of the components need not necessarily be 
equal. For ionospheric gas, experimental results indi- 
cate that the electronic temperature is much higher 
than the ionic and neutral particle temperature. 

It is known that the energy required to ionize a mole- 
cule is much larger than the thermal energy. There- 


* The colon written between two tensors indicates a double 
product in which a double sum is taken—i.e., a:b denotes the 
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fore, since it is quite probable that the ionizing agent 
will possess more energy than is necessary for ionization, 
this excess energy will add to the kinetic energy of the 
electron. If the electrons do not encounter too many 
molecules before recombination occurs, the mean elec- 
tronic temperature should be larger than the molecular 
temperature. Since the ions are much more massive 
than the electrons, the electrons will accelerate more 
rapidly in an external field than the ions. 

Therefore, the energy acquired from the field per 
unit time will be about Vm, m, times larger for an 
electron than for anion. According to the laws which 
hold for elastic collisions, only a small fraction of the 
electron energy, at most of order 4 m,/m,, can be trans- 
ferred to a molecule. Hence, in the neighborhood of 
the charged body where its electric field is sufficiently 
large, the mean temperature of the electrons should be 
larger than that of the ions and neutral particles. 
With decreasing density the number of collisions of 
electrons and neutral particles decreases; therefore, the 
electron temperature will increase. This behavior 
is supported by the comparison between the nearly 
“isothermal plasma” (7, = T = 5000 to 20,000°C.) of 
an electric arc burning in free air and the ‘‘noniso- 
thermal’’ plasma of an electric discharge in mercury 
vapor at a low pressure of about 10~* mm. of mercury. 
In the latter case, electron temperatures of 60,000 to 
80,000°C. may appear while the ion and neutral-par- 
ticle temperature remains the same as its surroundings. 
We then see that in the nonisothermal plasma of the 
ionosphere the thermal contact between the electron 
gas and the ion-neutral particle gas may be low even 
though they are uniformly mixed. 

The results of the analysis made of the experimental 
results by the probe technique in gas discharge plasmas 
have indicated that the electrons follow a Maxwellian 
velocity distribution with great accuracy. We will 
assume, therefore, that the electron gas of the iono- 
spheric ternary mixture has a Maxwellian velocity 
distribution and a constant electron temperature 7), > 
' Pag 

In analogous fashion the ion gas will be considered to 
have a properly defined temperature by assuming that 
it is approximately isothermal with the neutral gas and 
the mixture; ie., 7; = 7, = 7. At an altitude of 
100 km. the mean free path and collision time of the 
ions and neutral particles are about 10 cm. and 2.6 X 
10-4 sec., respectively. For a body 5 m. long, the 
Knudsen number K = 0.02 < 1; therefore, a local 
Maxwellian distribution may be assumed and con- 
sidered a sufficient approximation to the ion and 
neutral-particle distribution functions outside boundary 
or shock layer regions where large gradients occur.” * 
All three components then will be assumed to attain 
Maxwellian velocity distributions’ given by 


* See footnote, p. 942. The subscripts 7 and e are relative to 
positive ions and electrons, and e will denote the charge of the 


electron, 


fe = N(m,./2akT,)*"* exp (—m,.C,27/2kT,.) ——(13) 
fi = N(m,/2rkT)*? exp (—m,C?/2kT) (14) 
f, = n(m,/2rkT)*'? exp (—m,C,?/2kT) (15) 


In the last equation the particle density m(r) conse- 
quently must be a slowly varying function of r. As is 
known, a magnetic field acting on each particle does not 
alter the number density for a uniform and stationary 
gas of charged particles, whereas an electric field po- 
tential 6 will modify the density but the distribution 
will remain Maxwellian.° In Eq. (13) and (14) one 
should replace N by its product with the Maxwell- 
Boltzmann factors 


n, = N exp (e¢/kT,) (16) 
n, = N exp (—e¢/k7T;) (17) 


respectively. ° But the local application of these 
formulas will be legitimate only if, in the time that it 
takes for the particles in mass motion to pass from one 
small volume (in which the electric field can be con- 
sidered uniform) to the next, the electrons and ions 
realize a sufficient number of collisions to adjust to the 
new local electric field equilibrium conditions. Fur- 
thermore, it is assumed implicitly that the macroscopic 
rotation of the gas of charged particles can be locally 
ignored. At a speed of 2700 m./sec. (about M = 9.5) 
the electrons and ions of the mixture realize 11 and 0.07 
collisions, respectively, while passing massively through 
a 5-cm. distance. Then, if we define our small cubic 
volume (cell) to be of a size equal to 1/100 of the 
body’s assumed 5-m. length we see that the ions do not 
accomplish the few collisions necessary to attain local 
equilibrium under the electric field within a cell. Asa 
consequence, for the supersonic case, we take 


n, = N = constant (18) 


instead of Eq. (17) which is appropriate for a subsonic 
body. 


Plausible Approximations and Final Equations 


The following general simplifications will be intro- 
duced as suggested by heuristic and order-of-magni- 
tude arguments: 

(1) The gravitational potential is assumed to cause 
a negligible effect; therefore, F = 0 is assumed in Eq. 
(10). 

(2) The power dissipated by the forced diffusion of 
electrically charged particles acted upon by the Lorentz 
force is negligible with respect to the power required 
for the expansion or compression of the mixture during 
the motion of a fluid element. Therefore, the term 


j-(E+V XH) = 
Dd en(C;— V)-(E+VXH) (19) 
J 


which expresses the ohmic heating of the gas, is set 
equal to zero in Eq. (11). 
(3) Since the coordinate system K fixed in the body 
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will be assumed to move nonrelativistically with respect 
to the earth, a measurement of the earth’s magnetic 
field taken at rest in K will yield Ho as determined at 
rest with respect to the earth. We can then write for 
H relative to K 


H = H, + H, 


where H, is the field caused by the electric currents. 
(4) The mass flow of the mixture is assumed to be 
steady relative to K. Then, we can write 


and since Hy can be assumed uniform over large regions 
it follows that 


dn/or= 0 and VXE= 0 


Since the electric potential of the body and tiie charge 
distribution is assumed steady, its electric field must 
be static. Also, since the convection and conduction 
currents in the surrounding gas will be steady, it fol- 
lows that the magnetic field produced by the currents 
must be static. From the above considerations it can 
be seen that an electrostatic potential exists so that 


V°*d = —4nq g=e(n, —n,) (es.u.) (20) 


(5) By an order-of-magnitude calculation it will be 
shown that 


lJ x H| = (x ems) <x (Hy + Hi)! = (21) 
Jj 


can be neglected with respect to g/E| and made equal 
to zero in Eq. (10). 

The electric force gE acting upon a “‘fluid element”’ 
will then affect the mass velocity field V. The action 
of this electric field E on the mixture is accounted for 
by the collisions of the charged particles with the neu- 
tral particles. The study of the action of the electric 
field E on the ionospheric gas can be based on Eq. (10) 
as modified by the above assumptions and as will be 
modified further in special cases. 


The Velocity Field and Its Dependence on the 
System of Electric Forces 


In the cases of a subsonic body of regular shape or a 
slightly supersonic thin or slender body the following 
assumptions can be made: 

(1) At sufficiently high Reynolds numbers (Re ~ 
1.5 MA!) a hydrodynamic boundary layer with slip 
exists over the conductor. 

(2) The viscosity is assumed zero in the outer region, 
i.e., the stress tensor P of the mixture is a scalar p and 
the term P:VrV in Eq. (11) is equal to zero. 

(3) The power transferred by heat conduction is 
assumed to be negligible in front of the power required 
for the expansion or compression so that the flux 


vector Q of intrinsic energy is essentially zero. 
(4) Assumptions (2) and (3) and Eq. (15) imply the 
adiabatic law 
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pp = constant (22) 
while following the motion of a compressing or expand- 
ing fluid element. 

(5) SinceV X E = 0, 


V = grad y (23) 


may be assumed, where y is a hydrodynamic potential. 
By Eqs. (8), (9), (10), (22), (23), and assumptions 
(1) preceding Eqs. (18) and (2) preceding Eq. (22), 
the nonlinear partial equation of motion follows as 


ivy |? - (n; — n,)e 
Vy-V a = av*y — Vv¥-Vo = (24) 
2 p 
where a* = «p/p is the mixture’s local speed of sound. 
Since 


n-/(n; +n.) < 107 


the exponent « is essentially equal to C,/C, for the neu- 
tral gas.'° Diffusion phenomena are thereby neglected. 

On integrating over a streamline it might be assumed 
that the work of the force (n; — n,)e Vo is negligible 
with respect to that of Vp. As indicated in Eq. (19) 
this is tantamount to neglecting the ohmic heating 
caused by convection currents, to the approximate 
validity of Bernoulli’s equation, and to the sound speed 
relation 


K-— 


a? = a,” — [V? — V,?| (25) 
where the subscript zero refers to conditions at great 
distance from the body. 

In this form, Eq. (24) is reduced to the well-known 
nonlinear equation when no field —V¢ is present. 

A procedure of the Oseen!'! type could probably be 
applied in some cases to calculate the perturbation on 
the velocity field Vy caused by the known distribution 
of force —gV¢. It is plausible, therefore, to conjecture 
that in the subsonic case, and with the stated assump- 
tions, an exception to the D’Alembert paradox!” will 
occur as in the case of an incompressible flow under 
body forces.'* "4 

For the subsonic or slightly supersonic thin plane 
or slender bodies a perturbation potential VQ, 


¥ = V(X + Q) (26) 
can be introduced.” 
By Eqs. (24), (25) and (26), and when K is a system 
of Cartesian coordinates x, y, 2, the exact equation 
Q,, + Qe — Qe = M2D[Q) + 


(3; — Je = 
me {(1 + 2,)¢, + 2,6, + 2.6.) (27) 


Ka 
follows where D[Q] is van Dyke’s nonlinear term [refer- 
ence 15, Eq. (4), p. 2], 

w= VM? = 1, 


and where n, and 7; are defined by Eqs. (16), (17), and 
(18). 
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By introducing the linearization assumption in a? 


as given by Eq. (25), 
a? = ay” — (x — 1)0,Vo (28) 


an extension of van Dyke’s procedure can be visual- 
ized by considering the electric term in the perturba- 
tion scheme. The pressure distribution could then be 
finally calculated. 

Similarly, the boundary layer analysis with slip- 
flow boundary conditions’ may be generalized to in- 
clude the electric force term. In this form the gas- 
dynamic lift and drag forces could be determined. 
However, near the body surface the mass velocity is 
much slower and the actual number of collisions should 
be much larger. The actual ion density may be be- 
tween V and N exp (—ed/kT). Adequate estimates 
of the slip velocity may indicate the choice of Eq. 
(17) or (18) in the boundary layer analysis. 

For hypersonic flow, Eq. (15) and assumptions (2), 
(3), (4) and (5) preceding Eq. (23) are no longer valid 
and the stress tensor P in Eqs. (10) and (11) can be 
taken as having the Navier-Stokes dependency. Re- 
cent hypersonic flow analyses based on the Navier- 
Stokes equations" may possibly be evolved to include 
the effect of —gV¢ on the flow field and transfer quanti- 
ties. 

We will now consider the probably less important 
reciprocal effect, that is, the action of the electric field 
on the charged particles bound to the conductor. 


Potential Distribution and Electric Force 
Exerted on the Conducting Body 


According to Eqs. (7), (16), (17) and (18), the 
charge density term in Eq. (20) is 


—qg = eN[exp (e¢/kT,.) — exp (—eg@/kT;)| (29a) 
for subsonic speeds, and 
—q = eN [exp(e¢/kT,.) — 1] (29b) 


for supersonic speeds. The steady plasma flow will 
realize a stationary space-charge density distribution 
in the infinite outer region bounded by the surface S 
of the charged body. 

The space charge density g = e(m; — n,) should 
vanish at infinity where the plasma is neutral. From 
a physical viewpoint the electric potential ¢(x, y, 2) 
which satisfies Eq. (20) and Eq. (29a) or (29b) must 
also be Newtonian and therefore representable by a 
convergent improper integral extended over the infinite 


outer region 


q(x’, y’, 2’)dv’ 
7 —= (30) 
oV(x — x’)? + (y — y’)? + (2 — 2’) 


As is known," this representation is assured when ¢ is 
a twice continuously differentiable function satisfying 
the asymptotic conditions 


res) O(r~”) 


br, oy, Or") 


O<rv<l 


V*¢ = —41q Oir-*"*). 


forr = +(x? + y? + 2°)'*— ©. This consideration 
leads to the formulation of the following exterior non- 


linear Dirichlet problem: 


V°é = —4zg[d], in the infinite outer region, 

where g[¢] is given by Eq. (29a) or 

(29b) (3la) 
rn) = ¢, over the boundary S (31b) 
rr) = O(r-’), |\Vo| = O(r—'-*), Vb = O(r-*-”), 


O<v<elr~>ow (sie) 


If a unique twice continuously differentiable solution @ 
of this problem exists, then it has the integral repre- 
sentation of Eq. (30); therefore, it is the physically 
consistent distribution of electric potential which ap- 
plies to Eqs. (24) and (27) through Eqs. (16) and (17). 

The charge density over the surface S of the con- 


ductor is given by 


i fo 
== ( *) (e.S.u.) (32) 
tr \On/s 


where n is the normal vector toward the exterior of S. 
The resultant of the electric forces exerted on the 
charges bound to the body is therefore 


o¢\" 
T = SS ( *) nds (e.s.u.) (33) 
Sr Js On 


Calculation of the Electric Potential of a Thin 
Plane Body 


Since the thermal velocity of the electrons is at least 
sixty times greater than that of the ions, the flux of 
electrons incident to the body surface S will be equal 
to the flux of ions only when part of the electrons are 
repelled by a negative charge over the body surface. 

A steady body electric potential ¢» < 0 will be then 
characterized by the time-independent equality of the 
flux of ions to the flux of electrons with kinetic energy 
above —ed¢». This implies that photoejection of elec- 
trons at the body surface is not considered. We will 
denote by c the velocity of an electron with respect to 
the frame of reference K (Fig. 1). 

According to the convention which directs the electric 
vector E toward a negatively charged body, the kinetic 
energy required of an electron to reach the body surface 
of potential dy < 0 is at least 


1 
5 Me |Co >= —egy> 0 


We define the peculiar velocity of the electron at a point 
r of K by C = c — V(r) where V is the mass velocity 
at r. The number of electrons per unit volume about 
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Fic. 1. Coordinate system for a thin plane configuration. 


r, with actual velocities in the range c, dc is* 
f(C(r)|de = n.(m,./2rkT,)*!* exp(—m,C?/2kT.)de (34) 
where n, = N expled(r)/kT,| (35) 
In the neighborhood of the body we may assume also 
that 
n. = N exp(edo/kT.) (36) 

where @p is’the yet unknown body potential. 

We denote by @ the angle of the electron velocity vec- 
tor c with the outer normal unit vector n, and find that 
only those electrons for which 


(x/2) S$ 0 S (3n/2), le] > c = (—2edo/m,)"? (37) 


can reach the surface. The number of electrons dN,* 
with velocities in the range c, dc reaching in unit time a 
unit area of conducting surface are those encompassed 
by a cylinder of unit base and slant height c (as shown 
in Fig. 2): 


dN,* = —f(C)e-n de (38) 
Since c = C + V(r), we can assume 
e-n & C cos 0’ 


for a thin plane body at small angle of attack. 
For every r of K we have 
de = dC = C* sin 0’dCd6'dw’ (39) 
in velocity space of spherical coordinates C, 6’, and w’. 
To obtain the total number J,* of electrons reaching 


the unit area in unit time we integrate over I’, the lower 
half velocity space excised from a hemisphere of radius 


Co. 
0 Sw’ S 2s 
T oT 
F: = = 
2 = 2 
os Cc < + © 
By Eqs. (34) and (36)—(39) we obtain 
N.* = (kT./24m,)"2Ne?™(1 — x0) (40) 
where 


* Here we will assume that even in the close neighborhood of 
the body, Maxwellian distributions give a reasonable description 
of the actual distributions. 
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nm = edo kT, 


For the ions, there is no barrier of potential and we will 
assume, as discussed for Eq. (18), that their local num- 
ber density distribution is V. Hence, 


3/2 2m 
N,* = -x( me) f dw X 
2rkT; 0 


3n/2 x -_ 

2 —C 

f sin 6 cos @ wo | C* exp ( — ) dC 
r/2 0 2kT , 


i 1/2 
= ( kl ) N (41) 
24m; 


In the subsonic case we will replace V by n; as given 
by Eq. (17) in terms of ¢. By equating V,* to N,* in 
Eqs. (40) and (41), the value of ¢o follows by solving 
the transcendental equation 


el — xo) = + V(Ti/T.)(m./m,) (42) 


li we take’ k7, = lev = 1:602 X 107" ere, J, = 
11,600°K., 7, = 200°K., (m;/m,) = 14 X 1860, for a 
model with atomic nitrogen atoms, by Eq. (42) we 
obtain 


xo = —4.438, do = —4.488 volts 


Relative Order of Magnitude of the Gasdynamic, 
Electric, and Lorentz Forces 


We will first determine the order of magnitude of the 
gasdynamic pressure increment Ap over a plane body 
by considering the simple limiting case of a flat plate 
at an angle of attack of 6 = 0.05 radian (about 3 de- 
grees). The linear supersonic approximation gives, 
in dynes/cm.’, 


Ap = 10pVo76(M? — 1)—'/? for 6M < 1 (43) 
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Fic. 2. Cylinder of unitary base and slant height c. 
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For an altitude of 100 km., 
p = 7.12 X 107 m.~* Kp. sec.’ 
and if 
Vo = 2700 m. sec.—!, M = 9.5 


from Eq. (43) we obtain 
Ap = 0.2754 dyne/cm.? 


This value of Ap may be considered as a lower bound for 
a thin plane configuration at the same speed and alti- 
tude. 

Since the knowledge of the electric pressure (1/87) 
(0¢/0n)* exerted on the conducting body would require 
the solution of Eq. (31) for a given three-dimensional 
closed surface S, we will consider here an infinite 
charged plate. This model will probably give a rea- 
sonable estimate of the electric attraction per unit 
area of a thin plane body. 

If the infinite plate at negative potential ¢o is or- 
thogonal to the z axis, Eqs. (29b) and (31) imply 


o"(s) = 4rNe(e** — 1), B= e/kT. (44a) 
¢(0) = d(0) < 0 (44b) 
lim ¢(z) = 0, lim ¢’(z) = 0 (44c) 


t+ « t>+ a 


For this simple model a representation as given by Eq: 
(30) is impossible; therefore, the conditions of Eq. (31c) 
are weakened to those in Eq. (44c). From Eq. (44a) 
and by a quadrature we obtain 


¢’(s) = +[8mr Ne(B—'e** — 6) + GJ"? (45) 


where the constant C; is determined by condition of 
Eq. (44c), 
C, = —S8xN/kT, (46) 


Since the potential ¢(z) must be a negative, continu- 
ous, monotonically increasing function of z in (0, ©), 
the + sign in Eq. (45) is chosen. Then 


(e.s.u.) 
(47) 


¢'(2) = + (SaNRT,)2(e8* — Bp — 1)¥2 


is an ordinary differential equation which has a unique 
integral ¢(z) satisfying the condition ¢(0) = @o < 0. 
If the plate is positively charged the + sign in Eq. 
(47) must be reversed. 

The existence of a unique solution of the nonlinear 
asymptotic problem of Eqs. (44) is therefore assured. 
For x(0) = xo = Boo = —4.438 

ki,=te;, W=15 X 10 en. 
and by Eq. (47) 
l , 9 re) 7 9 
- [¢’(0)]}? = 8.29 X 107 dyne/cem.? < Ap = 
OT 


2.75 X 107! dyne/cm.? 


We see that under these conditions of natural charge 
the electric stress is completely negligible. 
In order to have a gasdynamic pressure increment of 
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the same order as the electric pressure, the body poten- 
tial should be about — 10° volts or about +14 volts, as 
follows from the transcendental solution of Eq. (47). 

The effect of the electric body force on the gas mix- 
ture might be important even for potentials ¢» smaller 
than +14 volts. Constant potentials ¢) which are 
lower or greater than the naturally acquired value 
could be maintained if the body surface S acts as an 
electrode and collects electric currents flowing in the 
interior of the body. We will now show that the part 
J X H of the Lorentz force can be neglected compared 
with the electrostatic term gE. 

As is known, the magnetic field induced by steady 
electric current densities J flowing through the whole 
space is given by’® 


H(x, y, 2) = ify (J X ro) [(x — x’)? + 


(y — y’)? + (2 — 2’)*]—! dx’ dy’ dz’ (e.m.u.) (48) 


where 


J=J.+ij, J. =e(ni —nJV, j= cE (49) 


and where rp is a unit vector directed from the current 
element at (x’, y’, 2’) toward the field point (x, y, 2). 
The electric conductivity o of the mixture is nearly all 
caused by electrons, and for 7, =-11,600°K., it can 
be estimated as o = 1.2 X 10° mhos,m. at an altitude 
of 100 km. 

For a thin plane configuration with three planes of 
symmetry x = 0, y = 0, and z = 0, the electric field 
E and the conduction densities cE which 
satisfy Eq. (31) should 
respect to the planes x = 0, y = 0, andz = 0. 
Eq. (48) it then follows that the field H caused by the 
currents will vanish 


current 
be symmetrical with 
From 


also 


distribution of the conduction 
identically over the three planes of symmetry. 
thin plane symmetric configuration we may then assume 
that the field H caused by diverging or converging 
conduction currents j can be neglected compared with 
that caused by J,. This assumption may even apply 
to elongated thin bodies with one or two planes of sym- 
Let us find now a rough bound for the mag- 
The coordinate system K is 


For a 


metry. 
netic vector H at r = 0. 
now assumed to be at the centroid of a thin plane con- 
figuration as that shown in Fig. 1. Jastrow and 
Pearse! have obtained a numerical 
sponding to Eq. (31) for a sphere of radius RX. 

The corresponding space charge distribution is essen- 
tially concentrated within a spherical sheath R < r’ < 
1.4 R; for r’ > 1.4 Rit vanishes more strongly than 
(1.4 R/r’)*. In considering a thin plane body of maxi- 
mum length L we will now roughly assume that the 
space charge is constant within a sphere of radius 
R = 0.7 Laround r = Oand then decreases as (R/r’)*’. 
Since we may assume V < (4/3)V, the convection 
current is bounded by 


solution corre- 


3 {e") « Jo, r’ < R= O07 i 


J.(r’) | < (R/r’)** Jo, YW >R=OTL 
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where 


4 x1 8¢ le, -n\ 
Jo = % eN |e “ l Vo (50) 


oO 


(e.m.u.) 


From Eq. (48) and the inequalities (50) there follows 
then a bound at r = 0 which is 


9 


20 
IT,(0) <— 3 rR, 


(e.m.u.) (51) 


From Eqs. (16) and (18) and the inequalities (50) and 
(51) the ratio 


1J(0) & (Ho + H,) | 


Zz = ] i 
el(n; — n,) | 
4 Vo Z (=) rR eN lo — 1| Vi? 
P11 G.. 
=3 k 27 Ey ; 
(52) 


follows, where the earth’s magnetic field intensity /7y is 
taken to be equal to 0.7 gauss and 


> 


Eo -_ a(SaNkRT,)/2(e8* a Boo — 1)? 2 


Taking Vo = 3.5 X 10° cm./sec., Ho = 0.7, e = 


1:59 < 10-", R = 350 cm:, N = 1.5:X 106, 8 = 1, 
1, = ¥£,600°K..,* we find 

do, volts PA < 

— 10° 1.402 < 10- 

—4.438 2.a00 © 10° 


+13.992 1.674 X 10-4 


Sharper bounds for H as defined by Eq. (48) should be 
developed to ascertain more generally the range of 
application of the approximation J X H ~ 0. 


Conclusions 


It has been indicated how to determine the electric 
field and its influence on the flow field. The flow field 
for a neutral gas will only be distorted by the action 
of the electric body forces with no basic changes in the 
features of Mach waves or shock layers. The electric 
potential is shielded and goes to zero very rapidly as 
one goes away from the body. 

The negative potential acquired naturally by a plane, 
thin conducting body is of the order of —5 volts. It 
has been shown that the direct electric traction for this 
potential is negligible in comparison with the neutral 
gasdynamic pressure increment. 

It appears to be possible to increase the electric po- 
tential artificially and thereby to increase the electric 
force exerted on the conducting body. For a positive 
body potential ¢) = +14 volts, the electric pressure 
over the body is of the order of the gasdynamic pressure 
increment. If ¢) > 0, the charge density of electrons 
in the neighborhood of the body is increased, and it 


* Recent Langmuir probe measurements (R. L. Bogess, L. H. 
Brace, and N. W. Spencer, J. Geophys. Research, Vol. 64, p. 1628, 
1959) indicate T, — 2000°K. in the E layer. 
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would appear that the radar cross section would be 
modified. 

To calculate the effect of the electric field on the flow 
field, it is first necessary to solve the exterior nonlinear 
boundary value problem of Eq. (31) for typical con- 
figurations. These exact solutions, which would also 
define the density of electrons around the body, are 
further necessary because the Debye approximation 


e~>1+-x, lx! <1 


is no longer valid since in all cases of interest |x| > 1. 
These exterior nonlinear Dirichlet problems have as 
yet no complete mathematical theory. Therefore, it 
seems worth while to investigate this problem further. 
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The Buckling of Circular Cylindrical Shells 


Under Purely Random External Pressures' 


J. CLIFTON SAMUELS* 


Purdue University 


than the solution itself. Such stability is termed mean- 
square stability. Samuels and Eringen have applied 
the theory of mean-square stability to rods under ran- 
dom end loads and to RLC circuits with random 


Summary 


The mean-square stability theory of Samuels and Eringen is 
applied to the stability of circular cylindrical shells subjected to 
purely random external pressures. It is found that stability is 
determined by the character of the roots of a determinantal equa- 
tion of the 36th degree. Nyquist’s method of determining sta- 
bility is applicable to this determinantal equation in numerical 


capacity variations. 

The object of the present paper is to apply the mean- 
square stability theory of Samuels and Eringen to the 
interesting problem of the stability of circular cylindri- 
cal shells under random external pressures. A slight 
generalization of the aforementioned stability theory is 


examples. 

Explicit mean-square stability criteria are developed for a 
circular ring under purely random pressures. The study showed 
that all modes of vibration of the ring are unstable for sufficiently 
large spectral density of the pressure Suctuations required as systems of equations with random param- 
eters are involved in studying the stability of shells. 

The shell is subjected to a uniform randomly time- 
varying pressure. The objective of the analysis is to 
find conditions for buckling in a mean-square sense. 


(I) Introduction 


i es STUDY OF the stability of shells under random 
external pressures leads to systems of linear differ- 
ential equations with random functions as coefficients. 
A stability theory of equations with random coefficients 
has been developed by Samuels and Eringen' and Sam- 
uels.2. It is appropriate, for such equations, to investi- 
gate the stability of the mean-square solution rather 


(II) Equations for the Dynamical Buckling of 
Cylindrical Shells 


The equations for the velocity-damped motion of a 
cylindrical shell under uniform radial time-varying 


loads are® 


, Ou 4 l+v 0oO% ow + aa(t) ( O*v *) ‘ 1 — vy O'u P O71 eal me - “) 
a” ( -— pe aQD\ = = ( 
: mw Ox dxo8 Ox 2 oe es hae Oe DW i 


1 
Ox? 2 Ox08 Ox 
l+v Om l—v .Oo”v 4 0*n Ow 1 E 1 3qy 4 @? O*w 201 O*v 
a ‘hg _ ~ j = ( — p) = 
2 ~ dxdb 2 ant * ont a0 ° “Lave ae + * dxton 7 ? ax? 


j Ov 1g! oC — yp ) ' 
Wi — 5. : 1 ) 
| » or or Ek ‘ 


4(t) | 4 o | | ; O7x' +2 a4 ( — ") 
(0, Ww : = ai = Dy : a 

op? OF or |\ Eh 
where u, v, and w are respectively the displacement of 


the middle surface in the x (longitudinal), @ (tangential 

and r (radial) directions; 8,, 8,, 8, are velocity damp- ot!) 
ing constants; a denotes the radius of the middle sur- 
face of the shell and h its thickness; p, v, and £ are the 
mass density, Poisson’s ratio, and Young’s modulus 


fa(l — v*)/Eh]g(tt 
h?/12a? f 


Il Ill 


(III) Equations for the Second Product Moments 


respectively; g(t) is the radial load; and ‘ : : et 
We consider a simply supported shell as shown in Fig. 


Received October 14, 1959. Revised and received April 4, 1. The boundary conditions to be satisfied at x = 0), 
1960. l, are 
+ Supported in part by a grant from the National Science Foun- : 
dation. = ¢ N, = Of ‘ 
(3) 
w= 0 M, = 0§ 
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, y Eh E 1 (= “) 
where N, = y{— —- 
- 1 — v? Lox aoe a 
is the axial stress resultant, and 
a Eh*® Ee . v (° 4 ow) 
a 12(1 — v*) LOx? sa? \00 ~— 08? 


is the bending moment due to axial stresses. 
A solution satisfying these boundary conditions may 
be taken in the form 


’ mMmrx 
= > Unm(t) sin n@ cos -- 
n=0, m=1 
- _ mrx 
oo } Unm(t) cos n@ sin (4) 
n=0, m=1 l 


w= > 


n=0, m=1 


Wrm(t) sin 26 sin 
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Substituting (4) in (1) we obtain the following set of equations for Uym, Vnm, ANd Wym: 


l 1 — l 
thun(t) +- 2B uthan(t) + rT; (rn? + = : n') Unm(t) + 7, | 


9 


M 


7 . l 1+ py ] l—p_, - 2 , 
Dam(t) + 28 Onm(t) + V — MXm | Wbam(t) + : Am”? +n? + n*a + a(l — v)A*m | X 


VAm 


Wnam(t + 28 ae + 
aie , M 


2a 
ic 
’ 
TTTTTTTTTTTTTtT 
$¢t) 
Fic. 1. Simply supported cylindrical shell. 
1 
= : NX\m + mrad | x 
\m 
Unm(t) = [v + b(t) | % nm(t) = (0) 
M 
I (5) 


Unm(t) + r [an + an? + adn] U'nm(t) = 0 


| 


| 
Unm + 7; [x + an® + a(2 — v)An?M)Vnm + 


[aAm* + ant + 2adr,2n? + 1+ (1 — n°)G(t)]e'nm(t) = 0 


M 


where M = pa*(1 — v?)/E, \n = mra/I, 28, = B,'/pah, 28, = B, 


We suppose now that 
O(t) = do + P(t) (6) 


where ¢ is a constant and p(t) will be taken as a sta- 
tionary random function of time.‘ Using (6) in (5), we 
find 


Shaws + 2B vith aw + Quutnm + Quyvttnm + Quwlnm = 
— (MXm/ M) p(t)0nm(t) — (m/M)p(t)wam(t) 


Dam = 2B um + Qyyltnm = QyvVnm + a vveUnm = 0 (7) 


Wnm ss SPU + Qwullam = Ly nm + QywWnm = 
[((1 — mn?) p(t)/M |wym(t) 


where 


l — 
Quu = (1, M) (0 + a Fe n*) 


l 8) 
Cur = (I /M) ( Ms : Nm + mad) ( 


Quy = (Am/M) (y + do) 


/ 


/pah, and 28, = B,'/ pah. 


) 
a = (1/M) NXm | 
| 

l—y 
Goo = (1 M) : her + (1 + a)n? + 


ad — re (8) 
A» = (1/M)[n + an* + adn*n| 
Quy = VrA»n/M 


dl M)[n + an® + a(2 — V)Am?n | 


(1/M) [adm + ant + 2ar,2n? + 14+ 
(1 — n?)go] 


Ly 


Il 


Quw 


The system of differential equations (7) is converted to 
a system of integral equations on the infinite interval 
(—o, o) by taking Fourier transforms, solving for 
lnm, Unm, aNd @®W,m in terms of the transforms of the 
right-hand sides of (7), and then inverting. (A bar over 
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BUCKLING OF CIRCULAR 


a quantity means Fourier transform, e.g., 


Unm() = F | Unm(t) } = f Unm(t)e* dt 
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Walt) = 1 4" (- eh | 
uv ) A M 


1 JS. AmAus + (1 — n*) Auw) 


zs Wit) = $-*<— 
les | MA f 
with ‘ __, fmm Aceh 
Welt) = 5-) + 
eo (Mu af 
thnm(t) = F-\tipm(t)} = f ham(€ (aie oy y (10) 
| OP = SP | dame a (Ambre + (1 — 2*)Avw) 
W(t) = §-!- ; 
\ MA f 
as the inverse.) We find : 
: __, § Am Awol 
Wd) = F* 4 — 
. (1 mM as 
Cty = [ Waurlt — 7) p(r)tnm(r)dr + : 
/J —o@ , -~ j AmAwe + (1 ad N*) Arr | 
a W vow(t) = g-! | f 
{ Wuw(t — 1) p(r)Wam(7)dr aes 
—- in which 
Upp (t) = [ Wilt — 7)p(r)tnm(r)dr + Ay = £4 + 24(6, + B)s* — 
i (9) (Aen + Guw + 48.Bx)S? — 
/ Wrult — T)P( T)Wnm| r)dr 21(B dow + BAe x1 Ie + ArAwe TF Aww 
es Bin = Gunt* + 278 Aut = Awwur — Vuwrr 
Wam(t) = [ Wiavlt — 7)P(rT)tnm(r)dr 4 2 . 
J —« f bi Bn = —Ont” = 218 9 out : DArubww ~ Awulvwo 
me (11) 
/ Wrw(t — T)P(T)Wnm(r)dr Avw = —Ayel* — 2B ew + Autow — Andun 
| Avy = ay * + 218 Ay uf + Anfy gq ~ Awulor 
where Aue = $4 + 221(8, + BSF — 
(dun + Qu, + 46,8,)¢? — 
— —-——— 21(8 dun - Buder)t H+ Ayu og 
and A = — (6 —_ 21(B,, + B, + Bw) &? + ldun + Qwu + 4B 6, + 48.8, + 4B uBul £4 + 21 [duu(B, > Bw) + 


By (Ay. = Qivu + 4B 8») i (8 Qwow = iy BA yr) |g? i [—A, ow = 
Buu(oo + Aww + 48 Bu)|F? + 2t[—Bu@otew 
[a uu; Ayu 


In the conversion of (7) to integral equation form, no 
arbitrary constants of integration were introduced be- 
cause we are interested only in solutions which are un- 
influenced by initial conditions. 


At this point in the analysis, we are ready to obtain 
integral equations for the determination of certain 
statistical averages. In order to do this, we must 
make certain assumptions about the statistical charac- 
teristics of the load g(t) or, equivalently, about p(f). 
We shall suppose that p(t) is a stationary ergodic random 
process with mean zero. Then 


E[p(t + 7)] = Elp()] = 0 
E[p(t + 7)p()] = Re(r) = i 


1 - 
f Sp(w)e” 7” dw 
2r “~~ 


where E denotes ensemble average and Rp(r) and Sp(w) 
are respectively the autocorrelation and spectral density 
functions of p(t). Because of the assumption of ergo- 
dicity these results are also given by the temporal 
averages 


4B,,( Bb Bue + Ba ve) T Gallus T Cotes — 
= a u u\ B,a ww + By vr ) + By pl U yl ut + 6,a wu u a r + 


— Ary(Ay Aww — AywAwr) + Ayu\Arwbuy Quwl ys) | 


ee 
snes =f. b(t + r)dr = 


| 7 
a p(tjdt = E[p())| = 0 
T+ 27 J-rT , (13) 


lim f p(t + 7r)p(é)dt = 
27 1 


T>« 


E[p(t + 7r)p(t)] = Rp(r) 


Further, we shall suppose that p(t) is an independent 
or white-noise process. This means that successive 
values of p(t) are statistically independent. This as- 
sumption simplifies the analysis considerably and makes 
an exact derivation of the integral equations possible. 
Integral equations for certain statistical averages have 
been derived approximately when the random coeffi- 
cients in the differential equations are not white-noise 
processes.’ 

For the white-noise process, the autocorrelation func- 
tion takes the form 


Rp(te —t) = (p(ts) p(te) = S5(te —_ t) (14) 
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where S is the constant spectral density of p(t), 6(¢) is To obtain equations for the mean square Of Uy, Un», 


the Dirac delta function, and ( ) denotes ensemble Wnm, We Square and average the equations in (9), which 


average. gives 


(d..7(t) ) = 3S { War?(t — 7) ( Unm?(r) ) dr + 


2s f Waurlt — 7r)Wa(t — 7) € nm(7T)Wam(7) 


(Onm™(t) ) = s| W oe*(t — 7) ( Unm?(7) ) dr + 
oe (15 


2s f Woarlt — tT) Wrolt — 7) ( Uam(T)Wnm(7) 


dr + 


2s f Wrorlt — 7) Wowlt — 7) ( Unm(T)W nm (7) 


In getting (15) we used the result 


dr +S | W w(t — 7) ( Wam*(r) ) dr 


Woorr(t — 7) ( Unm?(T) 


i (by) = 5 | 


E i f Wi(t — 11) We(t — 12) p( 71) p( 72) g1( 71) gol r)drid rap 
I ia Wilt — 11) Welt — 72) Ej p( 71) p( 72) 81( 71) g0( 72) }dr dre = 
f {- W(t — m)Walt — 12) E} p(r1) p(t2)} Et gi(71) go(72) }dr, drs = 
i [- Wi(t — mm) W(t — 72)S6(71 — 72) Ei gi(71) g2(72) }d7 drz = 


s{ Wilt — r) Wat — r)E}gi(r) g(r) }dr (16) 


where g; or go stands for 0pm OF Wym, and W, or W. stands 

for any of the weight functions in (10). For the valid- (Vnm(t)Wym(t) 
In (15), we have four un- oy 

We can get another 5 f 


ity of (16) see reference 5. 
knowns but only three equations. 
equation by multiplying the second and third of (9) 
with each other and averaging, which gives 


Ss i W u(t — 7) W(t — 7) X 
(Unm(T)Wnm(t)) dai + S a W,(t—1r)X 
Warwl(t — 7) Wnm(T)Wm(r)) dr + 
S { W208 — )\Welt — 9) Gio) de (17) 


By transforming the last two equations of (15) and 
Eq. (17) we find 
(1 — SWy?) nm?) — 2S WoyW ow (UnmW@nm) — 
S W..* (W,,,) = 0 
—S$ W og? Ce at 2S al" aie (UnmW rm) a 
(1 — S Wow?) (Wan?) = 0 (18) 
—S W as we EE + 
{1 os SCW wwW wr + W »W wow) | uti) — 
S W voW row Wines”) = 0 





Eq. (18) has a nontrivial solution if the determinant of 
the system is zero. In that case, we can write’ 


Fic. 2. Portion of a ring. 
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ind 
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Using (19) in the first of (15) we obtain 


wp ig -MD, + 
s| 


for the 


es Ey 


Eqs. (19) and (21) give us a formal solution 


mean-square displacements. 


(IV) Mean-Square Stability 


If (u?), (v?), and (w?) are bounded as t > ©, we say 

that the shell is stable in the mean-square sense. 
The mean-square stability of the buckled 

Unm(t), Unm(t), Wam(t) is determined by examining the 


modes 


roots of the determinantal equation 


Dit) = 0 


(22) 


which lie in the domain of analyticity of the Fourier 
transform of the products of the weighting functions 
Wau Wur ete. As Eq. (22) is of very high degree in 
¢, roots can be determined only by numerical methods. 
Nyquist’s method® can also be employed to advantage 
here in determining stability. We have only to note 
whether the vector D(iw) encircles the point zero as w 
goes from — © to +o, 

Mean square stability of the total displacement 
further requires the sums for (u”), (v?), (w*) to be con- 
vergent. 

Explicit mean square stability criteria can be given 
when the shell is very long so that variations in the x- 
direction do not occur and the boundary conditions do 
not influence the results. In this case, the essential 
results can be obtained by studying the buckling of a 
circular ring under random external pressure. 


(V) Equations for the Dynamical Buckling of a 
Circular Ring 





The motion of a circular ring is governed by the fol- 


lowing equations: 


| 


(O7/0s) + «kF + 
(OF/Os) + «xT + 
(OM/ds) — F = ( 


q 0) 
p = 0? (23) 
» 4 


\() is any analytic function in the domain of analyticity of the 
weighting functions, and ¢ is a closed contour integral in that same 


WwW . 


PUCELING OF CIRCULAR CYLINDRICAL SHELLS 947 
"7 f MOD (oe de 
(nm \b) 
D(e) 
ri M(E)DulQ)e~ dé 
a “1g 19) 
D(o) 
ri M(g)Die(O)e 
Wnm(L)Wnanll = 
D(¢) 
where D,(¢), D,(¢), and D,,,(¢) are the cofactors of the elements of any row in the determinant 
a-SW — 2S Wi Wo —3 We 
De) = —SW., — 2S WurW we — S Woy’ 20) 
— SW,,W, L — S(WruyWoe + WierW er — S WoW wr 


Fourier transforms of the products of the 


domain. 


WwwMD ow + Wuw?MDy] — ar. 
D(e) t ad¢ 


where .\/ is the resultant bending moment at a section, 
F is the resultant shear force, 7° the resultant tension, 
p and q are respectively the normal and tangential 
loads acting on the ring per unit of length, and «x is the 

) If F 


curvature of the element (see Fig. 2). is elimi- 


nated from (23) we get 
(O07'/Os) + x(OM/Os) + g = Ol 
(07M /ds?) — «eT — p= 0 f 


For dynamical buckling we suppose 
q = p.1(0*v/Ol?) — B,(Ov/Ot) 
p = p’ = pA (O°w Ol?) ™ Bir ( Ww Or) 
T = —p’a + i@6, t) 


EI [_ O*w 25) 
7 a® (w r 4 
l l *w a 
ay Tite a a a’ (= T w) 


where p is the mass density, 1 
area, p’ is uniform external pressure, a is the radius of 
the ring, // is the flexural rigidity, v 
tively the tangential and radial displacements, 7(6,t) is 
a small quantity of the order of v, w and their deriva- 
tives, #is the polar angle, 8, and 8,, are velocity damping 
Inserting (25) in (24) and neglecting products 


M = 


is the cross-sectional 


and w are respec- 


factors. 
of higher order, we obtain for the radial displacement 


{Wy 4 (2 + vo) n (: 4 re) we 
06! m EI EI] 0 


a‘ | 0*v Sas ow B ov 8 * 26) 
te « = u u (2 
FIL ae * ™ eee a Or , 


This equation contains v, the tangential displacement. 
From the condition of inextensional deformation, 
namely, 


32 


06? 


(27 


0v/080 = w 
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v can be eliminated from (26) to give 


o*w ‘ (2 ‘ ) O'w 4 (: ‘ a) Ow 
06! ~ "EI / 008 EI] 00? 


A pa‘ 0° (« _ oe ‘i a* oO E | - 
EI o\" oe "Fal oe | 


where we assumed 8, = By = Bo. Eq. (28) will be 
taken as the basic equation for the dynamical buckling 
of a circular ring. 
Suppose 
w(6,t) = 7. w,(t) cos né (29) 
n=1 

Then (28) is satisfied if w,(t) satisfies 

W,(t) + 2Bw,(t) + w’,2w(t) = 0 (30) 
where 28 = 6o/p.1 and 


19 EI | n® 
ca = i 
pAa* Ll + n? 


(2 i ee) n' és (: 4 oe) n* | 31) 
~ " EI] 1+? EI)/i+nt| “ 


Now we are interested in the situation where p’ is a 
random function of time taken as 


p'(t) = po + alt) (32) 


where fy» is a constant, the average value of p’(t), and 
a(t) is a stationary independent stochastic process. If 
(32) is used in (31), w’,,” can be simplified to 


w'n2(t) = wy? — (An?/pa)a(t) (33) 
where 
EI n?(n? — 1) 13 
WO,” = = “ (1 + os )| 
pAa* n*+ 1 EI 
and An? = n?(n? — 1)/(n? + 1)a (34) 


(VI) Mean-Square Stability of the Ring 


A ring is stable in the mean-square sense if (w*) and 
(v*) are bounded as t > o. Using the inextensional 
deformation condition (27) and Eq. (29) for w it is easy 
to see that if (w”) is stable in mean square, so is (v’). 
Hence we can confine our study to the radial displace- 
ment. 

From (29) we have 


(w*(0,t)) = >> (w,(t)wm(t)) cos nO cos m@ (35) 
n,m=1 

For mean square stability of w(0,t), the series on the 
right of (35) must converge for all ¢ and 6, and be 
bounded for all ¢. A necessary condition for the latter 
is that (w,(t)w,,(t)) should be bounded for all ¢. If, 
in addition, (w(,t)w(0’,t)) is initially convergent, then 
(w(6,t)w(6’,t)) will be convergent for all ¢ and @, 6’. 
Hence (w?(6,t)) will be convergent and bounded, and 
thus the ring will be stable in mean square. To show 
that (w(,t)w(0’,t)) is convergent for all 0, 6’, and ¢ when 
it is initially convergent and when (w,(t)w,(t)) is 
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bounded for all ¢, we start by noting that 


1 2 2a 
{Wn (to) Wm(to)) —_ Jf f (w(0,to)w(0’ ,to) ) - 
4x’ Jo Jo 


cos 26 cos m6’ dédé’ = (36) 


Eq. (36) assumes only that the series for (w(6,t)w(6’,t 
is initially convergent. Initially, 


(w(0,to)w(0’,to.)) | < M = const. < o (37) 
Hence from the theory of Fourier series* (36) gives 
(W,,(to)Wm(te)) << K/nm, K = const. (38) 


Now since by hypothesis (w,(t)w,(t)) is bounded for all 
t, it is clear that there exists a constant K’ such that* 


(Wy(t)Wm(t)) < K’/nm (39) 
Thus (w,(t)w,(t)) = O(1/n, 1/m) and therefore 
(w?(0,t)) = z. (W,(t)Wn(t)) cos n6 cos mA (40) 
n,m=1 


= | 
A> cos 26 cos mé 
n,m nm 


lA 


The latter double series on the right is convergent by a 
theorem due to Hardy which extends Dirichlet’s test 
to double series. 

It remains now to establish the conditions under 
which (w,(t)w,(t)) is a bounded function of time. 
From (30), we readily obtain the integral equation. 


co 


w,(t) = F,(f) + (ax? pl) f W,(t — 


T)a(r)w,(r)dr 


=) 





(41) 
where 
F,,(t) = e~ IC, sin [(w,” as B2)! 24 4 | 
Cz cos [(w,? — B2)"/%t] 
f (on" = B?) 1/2 x 
W,(t) = 4 e * sin [(@,? — 8?)'*t], on? > 62, t> 0 
; <9 
(42) 


In (42) we assumed that the system was underdamped 
for all modes. We will concern ourselves here only 
with this case. Also, mean-square stability can be 
studied without loss of generality by taking F,,(t) = 9. 
The latter condition occurs when (w,(0)) = (w,(0)) = 
0. 

From (41) with F,, = 0, we calculate 


(w,(t)w,(t)) = 


(An2Am?/ p’A*) ff W,At — 


(a(71)a(72)) (Wn (71) Wm(72))dridr2 


71) W(t ii T2) x 


For white noise, (a(71)a(72)) = S6(71 — 72). Hence 


* See Appendix. 
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(0’,t)) 
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or all 
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time. 
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(41) 
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(w,(t)Wm(t)) = 


om W(t — 1)Walt — 7)(Wa(r)Wm(7))dr) (43) 


t) 


“ = (S, p*. | 2) Nn Ams 


“nm 


whose solution is’ 


(t) wp, (t) ¢ M(5)e'*as 44° 
(Wy(t)Wm(t)) = - z (+ 
ae J 1 — Sin {Walt)Walt)} 


where the integral is taken around a closed contour in 
the domain of analyticity of ${W,,(t)W,,(t)} and M(¢) 
is any analytic function in the same domain. 


5{W,(t)Wm(t)} = (1/4)i(w,? — B2)—/2 X 
(wm? — B*)—2-[(6 — nu) — & — ny)" — 
(¢ + m2*)-' + + m*)-']) (45) 
Tr = 2B + (w,? — B?)"? + (wm? — 8)? 
72 = 218 + (w,? — B?)? — (wm? — 6)? 


where an asterisk (*) denotes the conjugate complex. 
The frequency equation required for the evaluation of 
(44) is obtained by setting the denominator of the inte- 
grand equal to zero, i.e., 


st + 48s? + (128? + dam + Dnm)s? — 
2[Sam — 8B® — B(dnm? + Bnm?)|s + 
[(48? + dym?)(4B?2 + Bam?) — 48Srm] = 0 
$= ££ 
Onm = (@,? — 87)? + (@,,? — B?)}/? 
= — (wW,? _ 67)? 2 -_ (Wy? ia B?)} 2 


(46) 


Now (w,(t)w,,(t)) will be a bounded function of time 
if the roots of (46) all have nonpositive real parts. By 
the Routh-Hurwitz criterion, the necessary and suffi- 
cient conditions for this are: 

(a) All coefficients in (46) must be positive. 

(b) The following inequality must be satisfied: 


— 88(126? + ra + Din) x 
1S i 8B? i Bia..* + Bic) 9 Ya 
‘4S... — 88? in BGsn* + el i + 
1687 [(48? + Gnm?)(4B? + Bnm®) — ABSam]} (47) 
For small damping and low spectral density of the 


pressure fluctuations, the condition for stability of 
(w,(t)w,,(t)) is given approximately by 


o> Sm tS adn 
Qe 2pA(EI) Wn? — Py)(m? — Po) 
(48) 
where 
Po =1 4+ (poa*/ED) (49) 


Inequality (48) is obtained by explicitly solving for 
the roots of (46) by a perturbation technique’ and re- 
quiring the real parts to be negative. 


(VII) Discussion of Results 


From Eq. (48) and inequality (47) we can come to the 
following conclusions about the model studied: 


CYLINDRICAL SHELLS 949 


(1) If we exclude random fluctuations of the pressure 
but retain damping of the ring’s motion, it will be 
stable, that is, the mean-square displacement will re- 
main bounded with increasing time in the higher modes 
but may be unstable in the lower modes depending on 
the value of the external pressure pp. If the pressure is 
internal, then the ring is stable in all modes. 

(2) When damping is removed but random fluctua- 
tions of the radial pressure occur, the ring is unstable 
in all modes whether an external or internal pressure is 
applied. 

(3) If a small amount of damping is present, the sys- 
tem is unstable for the higher modes for sufficiently high 
spectral density of the pressure fluctuations, whether the 
applied pressure is external or internal. 

The system can be stable in all modes if the damping 
is sufficiently large and the spectral density is suf- 
ficiently small. 

It is of interest to contrast the results of the statis- 
tically fluctuating external pressure applied to an un- 
damped ring to those with a sinusoidally varying de- 
terministic load. The latter case gives rise to a 
Mathieu differential equation for each mode w,(t). 
The stability of this mode depends on whether or not 
the point determined by two characteristic parameters 
lies in a stable region of the stability plot of Mathieu's 
differential equation.’ We thus have regions of sta- 
bility and instability in this case. When the external 
pressure is a purely random function, we do not get 
regions of stability; rather, the mode is unstable for 
any nonzero value of the spectral density of the pres- 
sure fluctuations. This is a curious result which has 
been shown to be true experimentally for simple second- 
order systems. ' 

It should be pointed out, however, that the results 
obtained in this study are for the linearized structural 
equations, for which the predictions of instability may 
not necessarily correspond to an instability for the 
more exact, nonlinear equations. The limitation im- 
posed by the assumption that the pressure fluctuations 
form a white-noise process does not appear too severe 
for the predictions of the theory to be valid in practical 
cases. In particular, the instability phenomenon has 
been displayed in the laboratory for a noise process 
whose spectral density was far from flat out to infinite 
frequency. 


Appendix: Remarks on Sufficient Conditions 
for Mean-Square Stability 


Without further arguments, it is possible that the 
constant K’ in (39) could depend on » and m, in which 
case (40) does not follow. Moreover, it has been 
pointed out that the series in (40) does not converge 
for @ = 0.* 

In order to circumvent these difficulties, another set 
of sufficiency conditions will be given here. For this 


* Referee’s comments. 
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purpose, we note that the solution (44) can be 


evaluated to read 


(Al) 


(w,(t)w,,(t)) = 


where the 4,,,/%’ are arbitrary constants and the 


” are roots of (46) having the form 


$ nm 


Cm -” IB nm “is - Qham , 
Bum > Q, Bum . O( l ), 5 ae 


ane (A2) 
O{n-, m-) 
where 0 denotes /arge of the order of. 
We now assert: If initially (at ¢ = () 


a 4 
> (> 4,0 de . (A3) 
1 j 


n, m= ] 


then (35) converges for all values of {> 0 and 6. To 


show this we have 


(w°(9,t))| =| > 


n, m=! 


(w,(t)W,(t)) cos nO cos mb 


at > (w,(t)w,(t))! |cos nO} |cos mo) 


n,m 
= > (W(t) W(t) (A4) 
n,m=1 
Using (A1) in (A4) we get 
~ 
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c 4 
(w(0,t))) < > ( > Ae D) |eifnm” ‘) 
l 


n,m j=l 
x 4 
< Zz be Aum? etn) 
n,m=1 \j=l 
x t 
< 7 (> Aon ) 9 oc ADS) 
n,m=1 j=l 


This establishes the desired result. 
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Plastic Compressive Buckling (Continued from page 893) 





lems may be obtained by a simple transformation or 
replotting of the results of the corresponding elastic 
problems. Because of the large number of parameters 
and the complex calculations, no attempt has been 
made at the present time to obtain numerical results 
for the fourth problem, a plate on point supports. 

The solutions are based upon the deformation theory 
of plasticity advocated by Bijlaard and Stowell. 
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Fic. 1. Nondimensional deflection and moments for a plate 
with free outer boundary and clamped inner boundary. 


M, = Mp = 0 (2) 


where 7p is the temperature of the upper face minus the tempera- 
ture of the lower face, w is positive downward, and a is the coeffi- 
cient of linear expansion. The geometrical parameters are shown 
in Fig. 1. 

The free-clamped and simple-freely sliding problems also yield 
identical results outside of a rigid-body displacement. The 
formulas for the deflection (relative to inner boundary) and mo- 
ments in nondimensional form are 


wh 1/2[1 — (r?/b?)] + log(r/b)} 
ee a cile ig | =——~ (g) 
aT pb? [((1 + v) + (1 — v)(b2/a?)] 
M, {1 — (a?/r?)] 4 
= — - (4) 
EaT ph? 12[(1 — v) + (1 + »v)(a?/b?)] 
Me [1 + (a?/r*)] Se 
ae = SP TEES (o) 
EaT ph? 12((1 — v) + (1 + »v)(a?/b?)] 
Fig. 1 shows these quantities versus r/a with b/a = 0.2, 0.4, 


0.6, and 0.8 with Poisson’s ratio v = 0.3. 
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On Conical-Flow Upwash 


Joseph L. Sims 
Aeroballistics Laboratory, ARMA, Redstone Arsenal, Ala. 
June 15, 1960 


eta a new group of solutions of supersonic flow fields 
about right circular cones has been'? published. These solu- 
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tions are for both zero angle of attack and for small angles 
of attack, and all results are presented in a body-fixed coordinate 
system. Additionally, all integrated velocity components are 
combined, in the manner outlined by Ferri* so that the total 
flow at any point in the field may be written as 


M* = M*, + aM*.cos@ j 
6 = 6, + af cos d (1 
M*,, = aM*, sin d 
where 
M* = v/a*, and a* is the critical speed of sound 


@ = the flow direction angle in radians 

subscripts 1 denote zero-angle-of-attack quantities 

subscripts 2 denote angle-of-attack quantities which are inde 
pendent of the angle of attack, a, and the meridian plane, 
¢. 

subscript w denotes a quantity in a normal direction to a me- 
ridian plane. 


One flow-field quantity of interest that may be derived from 
these results is the upwash angle, which has a bearing on body- 
wing interference. Herein, the upwash factor will be reduced to 
the ratio of local angle of attack, a), to cone angle of attack, a 
This can be done as follows: 


tan a; = aM*,,. sin ¢/(M*, + aM’. cos $) (2) 


and if a is small, a; is small and tan a; ~ a; so that 


a: = aM*,, sin d/(M,* + aM*: cos $) (3) 
Now, as @ approaches zero 
(ai/a)eao0 = (M*,./M%*,) sin @ (4) 


where ¢ = 0 is assumed to be at the windward meridian 

Some of the above-mentioned numerical results have been 
used in Eq. (4) to evaluate the ratio, a;/a, in the r/2 meridian 
plane. Fig. 1 gives cone surface values of a;/a as a function of 
free-stream Mach number for cone angles from 2.5 to 30.0 degrees, 
right outside of Ferri’s entropy layer‘. It is seen, for higher Mach 
numbers and larger cone angles, that the local angle of attack is 
less than the cone angle of attack. Thus, we see that for these 
cones the traditional upwash factor is actually a downwash factor. 
Fig. 2 presents the distribution of the factor a;/a through the 
flow field for the various cone angles at a free-stream Mach num- 
ber of 5. There data are plotted as a function of 


E = (¢ — ¢s)/(Gw — ¢s) 
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Fic. 1. Variation of the surface values of the upwash factor with 
free-stream Mach number. 
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Fic. 2. Variation of the upwash factor through the conical flow 
fields at a free-stream Mach number of 5 


where 
¢ conical-ray angle 
s = surface value 
w = shock-wave value 


Here we see that the shape of the distribution curves is a very 
strong function of the cone angle. In general, the data in refer- 
ences 1 and 2 show that for low Mach numbers the upwash factors 
decrease as the flow field is traversed from cone to shock wave. 
For high Mach numbers the converse is generally true, and we 
get an increase in the upwash factor across the flow field 
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The Creep Deformation of Symmetrically 
Loaded Circular Cylindrical Shells 


Anthony E. Gemma 

Assistant Project Engineer, Connecticut Operations-CANEL, 
Pratt & Whitney Aircraft, Middletown, Conn. 

May 26, 1960 


SYMBOLS 


axial and circumferential strain rates, respectively 


Tr, CY = axial and circumferential stresses, respectively 
B,n = constants in power creep law 

h = shell thickness 

Nz, No = axial and circumferential forces, respectively 
7) = radial displacement rate 

a = radius of cylinder 

2 = thickness coordinate 

Kr, ky = curvature rates 

VM, = moment 

B = see Eq. (9) 

a = see Eq. (10) 

C1, C2, €3, C4 = constants 


f(x) = see Eq. (11) 


FORUM 953 


Ki, Ke, Ks, Ks 


constants 


(n) = see Eq. (13) 
r = see Eq. (13) 
&,7 = see Eq. (12) 


eye NOTE describes an approximate solution for circular 
cylindrical shells in steady creep. The problem is formu 
lated using the Soderberg relationships,! together with a power 


creep law 


ér = [or — (1/2)oy]é/o, é& = [oy — (1/2), ]é/o (1) 
where 
@ 2 1/2 , 
o = (o,? + oy’? — ozeg),'* ¢ Bo" 
From Egs. (1) and since N; = ha;, (i x,g), the following 


expressions for the forces are obtained: 
N, = Ah(ég + 2@,)K, Ny Ah(é, + 2&)K (2) 
where 
s « « , . 9 i . . . - 2 

A= (2 B)! n(1 4/3), ("+ 1)/n K (é,2 4 é,? r’ é,¢,)" n)/2n 

From the equilibrium equations for symmetrically loaded 
circular shells,? the forces N, are constant, and for simplicity are 
assumed to be zero. 

Then, from Eq. (2) 


ig = —2 (3) 


= w/a, é = —w/2a (4) 


Therefore, 
Ny = h(1/Ba)'/"(w)!/* (5) 
Relationships for the curvature rates are (using the usual 
plate theory approximation ) 
Kr = 2(07/0x?) Ky 0 (6) 
Using expressions similar to Eqs. (2) with the strain rates 
replaced by curvature rates (i.e., Eqs. 6), and noting 


h2 
M; = 2 f, (N,;/h)z dz, 1 x,¢@ 


the axial moment is obtained 


Mz = (n/1 + 21/93)" + Y/"(1/B)!/ "(hyd +20) /"X 
(d%b/dx?)'/" | 


‘ 


) 


The equilibrium equation for a circular cylinder with no load 
is* 
d*(M,)/dx? + (1/a)N, 0 (8) 
Using Eqs. (5) and (7) in Eq. (8), the governing differential 
equation for the creep deformation is 
02[02r/dx2]!/"/dx? + B(w)!/" = O (9) 
where 


/ 
B = [(1 + 2n)/n\(V 3/ah)* 1)/" 
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An approximate solution can be obtained if the assumption is 
made n > 1 (i.e., 1/n —~ 0). Indicating differentiation with 
respect to x by primes, Eq. (9) becomes 


)2(b")-1 + anw” = 0 (10) 
a4 /< 

where a = 2V 3/ah 

And the solution for Eq. (10) is 


w=aSlS f(x)dx dx + cx +c 


f(x) = exp[(—an/2)(x + c)?] 1) 
The solution can be conveniently stated by taking 
n=x/a, § = w/a (12) 
Then 
= Ki [PS (n)dn dn + Kin + Ku, hes 


P(n) = exp[(—A)\n + Ae)?], A= V/ 3n(a h) 
Special Case 
Consider a semi-infinite cylinder with moments, 14, and 
shears, Qo, at y = 0, (Fig. 1). A suitable set of boundary condi- 
tions are 


atn = @; 
& = 0, (0&/On) = O 
aty = 0: 
M, = (n/1 + 2n)(1 V/3) TD/1(h/Ba)'/"® XK (14) 
h? [0%/dn?|"y = M 
QO, = (1/n)(n/1 + 2n)(1 V/ 34 1)/"(h/Ba)'/” x 


h? { [OE /dy?]—”)/ [d8/dn*]}q=0 = Q 


Relaxing the assumption » > 1, an approximate solution for 
a cylinder in second-stage creep with edge moments and shears is 


= (2V3 h?)(Ba/h)'/" My | SS exp [—n-V/3(a h)n? + 


$ 
(2Qo/Mo)n\dn dy (15) 
Other cases of interest can be worked out using the general 
solution, Eqs. (11) or (13). Also, Eq. (15) can be used to get 


approximate solutions for various discontinuity problems 


REFERENCES 
1 Soderberg, C. R., Interpretation of Creep Tests on Tubes, ASME Trans 
Vol. 62, No. 3, pp. 738-748, 1940. 
* Timoshenko, S., and Woinowsky-Krieger, S., Theory of Plates and 
Shells, 2nd Ed., Chapt. 15, McGraw-Hill Book Co., Inc., 1959 
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Aerodynamic Properties of Ring Airfoils 
in Supersonic Flight 


Charles H. Murphy and Maynard J. Piddington 


Aeronautical Research Engineers, Ballistic Research Laboratories, 
Aberdeen Proving Ground, Md 


May 17, 1960 


_. LINEARIZED THEORY for supersonic flow over a thin ring 
airfoil with low-fineness ratio is quite similar to that for thin 
airfoils and was developed by H. Mirels! in 1948. According 
to this theory, the center of pressure is located at the midchord 
point and the lift coefficient Ci, is 2/8, where 


gu VMut—1 


and the reference area is one half the wetted area. 

A series of ring airfoils has been flight tested at the Transonic 
Range.? A drawing of these airfoils is shown in Fig. 1. For all 
models, the center of gravity was located at the midchord point 
and the maximum diameter, d, was 4.75 in. The other 
dimensions were 
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0, deg. c, in. t/c 
20 1. Tz 0.18 
25 1.81 0.23 
35 1.70 0.35 


The models were tested at supersonic Mach numbers up to 
3.7 and were found to be statistically stable for Mach numbers 
in excess of 1.7.3 

In Fig. 2, the static-moment coefficient is plotted versus 
thickness ratio for 1J = 3.1. As can be seen from this plot, the 
moment coefficient is a linear function of (t/c). It should be 
noted that these values imply a fairly large static margin. If 
Cra is estimated to be 50 per cent greater than its thin-airfoil 
value, the 35° wedge would possess a static margin of almost 
30 per cent. 

For the models tested, the thin-airfoil theory predicts that the 
drag coefficient is 


; , ; 8] ¢}? 
Co = Co,+ Cra? + 
a B 3 


where Cp, is the skin-friction drag coefficient. Since Cy, and a 
are usually quite small contributors to the total drag, this theory 
predicts Cy/(t/c)? to be a constant at fixed Mach number and 
to vary as8~' with Mach number. Although models with wedge 
angles as large as 35° are not very thin, experimental values of 
Cp/(t/c)}? were compared with theory. As can be seen from 
Fig. 3, this ratio is essentially constant but 15 per cent greater 
than its theoretical value. It was also found that its dependence 
on Mach number for 1.7 < M < 3.7 is precisely that of the theory. 


REFERENCES 
Mirels, Harold, Theoretical Wave Drag and Lift Thin Supersonic Range 
Airfoils, NACA TN 1678, August, 1948. 
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Fic. 1. Drawing of ring airfoil. 
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Fic. 2. Pitching-moment coefficient versus thickness ratio of 
ring airfoils at Mach number 3.1. 
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Fic. 3. Drag coefficient Cp/(t/c)? versus wedge angle of ring air- 


foils at Mach number 3.1 


* Rogers, Walter K., Jr., The Transonic Free Flight Range, BRL Rept 
1044, June, 1958 


? Piddington, Maynard J., and Murphy, Charles H The Drag and 


Stability of a Circular Wedge Airfoil in Supersonic Fligh BRL Memo 


Rept. 1245, January, 1960 


Comments on the Behavior of Sedov’s Blast- 
Wave Solution as 7 — 1* 


Eric F. Brocher 
Research Assistant, Cornell University, Ithaca, N.Y 
June 1, 1960 


I A RECENT NOTE, Freeman! has studied the behavior of the 

blast-wave solution as y — 1 and compared it with the 
Newtonian theory of unsteady hypersonic flow. The order of 
approximation involved is not specified, and the formulas given 
for the similitude parameter and the radial velocity profile are 
not, in fact, uniformly valid in the limit of small radii. The 
purpose of the present note is to show how these restrictions can 
be removed, and to give a uniform approximation to Sedov’s 
solution [neglecting O(e?), where « = (y — 1)/(y + 1)] for the 
planar, cylindrical, and spherical cases. An expansion pro- 
cedure to get higher order approximations is demonstrated. In 
addition, it is shown that the range of validity of the blast-wave 
analogy with steady hypersonic flow tends to zero as 7 — 1 

In Sedov’s exact solution, all physical quantities and the simili- 
tude parameter A are expressed as functions of an auxiliary param- 
eter V. If an inversion of \ = \( V’) is made—.e., if one can find 
V = V(A), it is possible to express quantities directly as functions 
of \, giving a very clear picture of the structure of the shock 
laver. This inversion cannot be done exactly, but an expansion 
of V = V(A) in powers of « can be found. Using the notation 
of reference 2, for w = 0 (uniform density in front of the shock 
wave), the similitude parameter \ is given (exactly) by 


d = (r/r,) = [Fi V)]* [FV FRO D/A) [RY V)|-*% 


Setting 
a = (27 — ¢)/[kKy — 1) = (O04 /)+ 3 - 2e (2 
and 
f= F,*F,-* = {[(y + 1)/2k]V}* x 
{M4 + D/Ay +1 @)I[L — (e/2k)VIY-*® 63 
Eq. (1) vields 
V = (k/y)t1 + atf(V)— 3} } 


T 


One can show that f( V) varies only slightly over the range of V. 

* This research was supported by the USAF Office of Scientific Research 
under Contract AF 49(638)-544. The author is indebted to Dr. SH. Lam 
for helpful discussions of the problem. 
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The variation of V itself is O(e) because 
Ve — Vin = (R/y)e 5) 
The relation between the value of f at the origin of the blast 
f,) and at the shock (f,) is found to be 
f,—f, = (38 —7 Ll +sPie + Oe 6) 
Moreover, f is monotonic over the range of V (for arbitrary 
9 


in the cases 7 = 1, 2 and, for 1 < 2 in the case 7 = 0) and 


hence, the variation of f is O( e& 
f takes the value 1 immediately behind the shock, and thus 


can be written in the form 


Combining Eqs. (3) and (4), one gets 


cm rth) ny wi “it 4( y+ 1 
543 dus ; Mote 


8) 


_ A®% a 4 


Introducing the expansion of f in Eq. (8), one can determine the 


coefficients f, by comparison. For instance, fo is found to be 


(1 — A®) } 
ee ( )- 1 — A®) (9) 
(1 +j 1+ 


V = (k/y)\1 + eA® + €A%(1 — AZ 


Hence, 


(2/1 + 7) — (1/2)1 — A*)] + Ofe)} (10) 


For the case 7 = 1, the first-order approximation [neglecting 
O(é*)| is equivalent to that suggested by Einbinder.* 

It is now possible to express all physical quantities as functions 
of X. For instance, the radial velocity v and the Lagrangian 


coordinate ry are given by 


(u/vs) = [Cy + 1)/2R]AV = Afl — e&1 — A®) + O(e)} (11) 


i 


ro nil +) /2¢ 
om fy f 9 
, i ‘a on ve)! 1+) Oe 12) 


Since the exponent a is O(e~!), one notes that (a) the velocity 
profile tends to be linear in \ as « ~ 0, and that (b) the velocity 
profiles are the same in the planar, cylindrical, and spherical 
cases, except in the neighborhood of the shock 

Using Eq. (12), one can express \ as a function of ro: 


9 2e/(1+7) vo 2e (1l+e) 
A = ( ) [1 + O(e)] (13) 
lL + (ro/r,)!*? i 


It should be emphasized that higher order terms in the last ex- 
ponent have to be kept in order for Eq. (13) to be uniformly valid 
Lower order approximations to Eqs. (13) and (11) are 


9 


X = (ro/r,)°/ TO [1 + O(€)] (14) 

v/v, = All + O(e)] = (ro/r.)?/ TP [1 + Ole)] (15) 

These constitute an improvement upon Eqs. (1) and (2) of 

reference 1. In the same reference, for the Newtonian theory of 

unsteady hypersonic flow, higher order terms in the exponent of 
the integrand of Eq. (12) should have been kept—i.e 


ha re fy \—211-0/+0] +1 a 
) = 2e ) d ) [fl + Ole 
ls 9 ls ls 


which yields 
2e/(I+e6) 1 


+ Ole 


in accordance with Eq. (14) of the present note. 
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There is a point of interest concerning the shock growth as 
e—0. The relation between shock radius and blast energy E is 


( E 1/(3+ 9) 
r, = const. ~ tk (16 
Pal j(y) ) 


' P Rv? " 
I(y) = 7 a 2+) dr (17) 
x » 


Using Eq. (10), a straightforward but somewhat lengthy calcula- 
tion yields 


given by 


where 


: ee 
ian ee eee (18) 
(3 + 7)*i + 1) 

Hence, 7, = O(e!/“*))), which means that the shock speed 
tends to zero as e—> 0. Thus, one has the paradoxical case of a 
strong shock which does not expand. In view of the analogy 
between the blast wave and steady hypersonic flow, it is of in- 
terest to see what this implies. In this analogy, x = U.t and 
one can show that 


Is Cp 1/(3+j) (: k 
= = (19) 
d 41+] (7) d 


d denotes the leading-edge thickness or body diameter and Cp 
the nose-drag coefficient. 

The range of validity R of the analogy is limited below by the 
small-shock-angle condition (tan? o < 1/A, where A > 1) 
and above by the strong-shock assumption. Using Eqs. (18) 
and (19), the range is found to be 


AC é! (1+ 7) < (x/d) < C(M.,/M,*)8++ (+9) .1/(1+9) (20) 


where 


C = (2Cp)VUFI/(3 + 7) (21) 


and M,* is the shock Mach number below which the shock can 
no longer be regarded as strong. 

Therefore, R gets closer to the nose as e decreases and is 
O(e!/"+9)), which means that the analogy fails completely in the 
limit « = 0. Moreover, there is another reason that the analogy 
fails. The flow field can be divided into two regions: in one 
region the streamlines have crossed the shock at points where 
o is not small, in the other, at points where o is small. Using 
Eq. (13) the thickness of the shock layer 6, in which the blast- 
wave analogy is valid is found to be 


6, = const. [2/(1 + j)]e + O(e?) (22) 


Hence, this thickness tends to zero as y — 1 and is twice as large 
for 7 = Oasforj = 1. 
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Author’s Reply 


N. C. Freeman 

Aerodynamics Division, National Physical Laboratory, 
Teddington, Middlesex, England 

August 8, 1960 


M* BROCHER, in the above note, appears to credit me in my 
previous note! with more than I had intended. The sole 
purpose of this note was to demonstrate that to derive a Newton- 
ian solution in the explosion case, it was necessary to retain the 
first-order term in the exponent of Eq. (13) as is confirmed by the 
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exact solution. Physically, this means that the process is re 
quired to be isentropic and not isothermal as Newtonian ap 
proach would suggest. The order of the approximation was not 
given in the note since, as Mr. Brocher demonstrates, the com 
plete uniformly valid solution is more complicated. The terms 
neglected become significant, however, only in the region (7/rs 
of order e~'«", Although it is undoubtedly true that the com 
plete uniform behavior is given by retaining the complete form of 
the exponent in Eq. (12), it is difficult to see why the Newtonian 
theory would ‘‘demand”’ this. 

I would also like to apologize to readers for an inexcusable error 
in my note which requires that ¢ should read 2e in all equations 
except the exponent of Eq. (12). The following typographical 
errors should also be corrected: 

Eqs. (6) and (7): 
left-hand side should read p/p. 

Sentence following Eq. (7): 

insert factor p. before parentheses 
Eq. (9): 

change p/ps to read p/ps 
Eq. (10a): 
change Pp, to read pa 
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An Analogy Between Boundary-Layer Pressure 
Gradient and Chemical Reaction-Rate Effects 


George R. Inger* 

Department of Aeronautical Engineering, University of Michigan, 
Ann Arbor, Mich. 

June 10, 1960 


_— PURPOSE OF THIS NOTE is to point out a qualitative 
similarity between the effect of a pressure gradient on the 
boundary-layer velocity profile u( Y) shape, and the effect of a 
homogeneous chemical reaction-rate term on the shapes of the 
corresponding thermodynamic-state profiles [fractional atom 
concentration aa(Y) and temperature distribution 7(Y)]. 
Consider the following boundary-layer equations governing a 
dissociated binary-mixture flow in the immediate vicinity of a 
mass-transfer-free surface Y = O(u = v = Q): 


re) ( Ou _ dp. (1) 
ovary) |y-0 dX 


Atomic-Specie Mass 


E (" a | |] 
= — ( 

oY \S. OY Jy=o0 ep Jy=0 

Energy 


3 oT Wa 
7 r 2 = (ha _ hy) ia 
Oo} oO} Y=0 P Jypao 
ou \2 m _Oaa OT “ 
Lad . _ ~ (Cp, — Crem) - (3) 
oO} y=0 Se OY OY Jy=o 


where S, is the Schmidt number, W4 the net rate of atomic mass 
production by chemical reaction, and the subscripts A, / refer 
to atomic and molecular species, respectively. Now, Eq. (1) 
illustrates the well-known fact that an unfavorable pressure 
gradient (dp,/dx > 0) tends to cause an inflection point [(0?” + 
oY?)(0) > O] in u( Y) at some Y > 0. The net atomic-reaction 
rate at the wall plays a similar role in Eq. (2) regarding the 
shape of the atomic-specie profile. Recombination-dominated 


Momentum 


to 
~ 


chemical nonequilibrium (W4 < 0) in the gas near the wall acts 
like the unfavorable pressure gradient in the momentum equa- 
tion, in that it tends to cause an inflection point in aa(Y) at 
some Y > 0. This chemical-reaction effect holds true for either 
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a catalytic [a4(0) = O] or noncatalytic [(da4/dY)(0) = O} wall. 
While the values of a4(0) and (da4/dY)(0) are determined by the 
degree of catalytic activity on the wall surface and the integrated 
effect of the gaseous-reaction rates across the entire boundary 
layer, the value of (0%a4/0¥?)(0) is directly influenced by the 
gaseous-reaction rates in the vicinity of the wall. Furthermore, 
since Wa/p ~ p.2(T/300)*~* for dissociation-recombination in 
air''? the tendency of (0a4/O0Y) to increase with Y for recom- 
bination-dominated reactions will be greater as the local pressure 
increases (being a maximum at the stagnation point), and will 
be most prominant at a given pressure for a recombination-rate 
temperature-dependence law that assumes w > 2 for Ty, > 300°K. 

The effect of the reaction-rate term on the temperature profile 
near the wall (Eq. 3) is opposite to the effect on a4( Y); an inflec- 
tion point in 7(¥Y) will appear in the presence of dissociation- 
dominated chemical nonequilibrium in the gas adjacent to the 
wall. This qualitative analogy with a pressure-gradient effect 
proves useful in the interpretation of the effects of dissociation- 
recombination reactions on the thermodynamic-state profile 
behavior in the boundary layer. 
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A Simple Method of Estimating the 
Vortex Intensity 


Miles J. Bobrik 

Aerodynamics Department, De Havilland Aircraft of Canada, 
Downsview, Ontario 

June 16, 1960 


SYMBOLS 


A(D) = calibration function 

a1a2 = constants in equation (11) 

c = wing chord 

D = distance from the trailing vortex origin 
hike = constants of variation in equation (7) 
n = p.m 

Dp = pressure 

po = pressure in the vortex-core center 

Pp(r) = total pressure in distance r 

App = pp(ro) — pp(0) 

? = coordinate from the core center 
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Fic. 1. Dimensionless total-pressure distribution in vortex. 
Comparison of Eq. (5) with experimental values. 
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= density 
og = surface bounded by integral curve 
w = angular velocity 


INTRODUCTION 

4 i DETERMINE THE PATTERN and intensity of a trailing vortex 

behind a wing or any other fairing body, the whole velocity 
field' or the angular velocity of the vortex field? has to be meas- 
ured. These methods require much time. Therefore, they 
have no practical value in the verification of assumptions and 
theories based on the necessary simplifications of actual complex 
phenomena. The ideas set out below have been found very 
useful in overcoming this difficulty. 


PRINCIPLE OF THE METHOD 

As shown in reference 2, a ‘‘core’’ is formed in the center of 
the potential vortex flow in a real fluid. From a mathematical 
viewpoint, this can be simulated by assuming the existence of a 
vortex sheet on the vortex core surface in the ideal fluid. Ac- 
cording to reference 3, it can be said that the fluid inside the core 
behaves like a solid body rotating at a constant angular velocity 
while the fluid outside the vortex core has the characteristics of 
the ideal fluid. Thus the velocities, inside and outside the 
vortex core, can be expressed as 


Ve = (I /2aro?)r, Vi; = (T/2ar) (1) 


Assuming that the fluid in the vortex core is a rigid body, the 
equilibrium equation for the element of the core can be easily 
expressed. The .angent stress need not be taken into account 
because there is no relative radial motion of fluid inside the core. 
Considering the fact that velocities on the core surface should 
be equal, the static pressure in the core will be as follows: 


p = Po + ( pw? 2)r? (2) 
The total pressure will be 
blr) = p+ (p/2)( V? + rw?) (3) 


By substituting Eq. (2) into Eq. (3), the following result is 
obtained: 


(pV2/2) + pr?w? + po (4) 


p,(r) 


The distribution of total pressure along the radius can be 
verified by measurements. For this purpose, the following 
nondimensional term has been found practical: 


[pp(r) — p,(0))/App = (r/ro)? (5) 


It will be seen in Fig. 1 that, for practical purposes, the experi- 
mental data and the plot of term (5) are more or less identical. 
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Using the foregoing Eq. (4) and Stoke’s theorem, the vortex 
intensity can be expressed as 


r= f. curl V XK do = 2rr?w = (27/pw)App (6) 
o 


For this, the difference between the total pressure in the vortex 
center and that in the free stream has to be measured, as well as 
the angular velocity of the core. 

In Fig. 2 is shown a useful device for taking measurements. 
It can be easily designed and constructed. It should be noted 
that the measurements taken by this instrument have to be 
made at a suitable distance from the wing——i.e., where the trailing 
vortex sheet is completely rolled up into a single vortex line.‘ 
It has been proved? that in case of straight wings of linear lift 
curve the plots of rotational speed versus the free-stream velocity, 
as well as the total pressure in the vortex-core center versus the 


free-stream total pressure, are linear functions. Hence, 


n= kV, pO) = pp(ro)ke (7) 


Expressing the vortex intensity in a nondimensional form, and 
using the terms (6) and (7) 


r k ; A(D)[1 — ko] ; 
Ve ki Vc me = a= hic ve 
It should be noted that the term p,(7o) expresses the total 
pressure of the free stream. When measurements are taken 
in a wind tunnel with the test section open, it expresses the 
dynamic pressure. The function A(D) represents the combined 
effect of fluid viscosity and distance upon the rate of dissipation 
of the vortex energy behind the wing. 


CALIBRATING THE MEASUREMENT DEVICE 


The dissipation of energy caused by the fluid viscosity can be 
expressed mathematically by damping the rotational motion 


as a function of time. As given in reference 3, that is 


w(t) = w(0)[1 — exp(—70?2/4vt)] (9) 


For this particular purpose, time (¢) should be taken as an ap- 
proximate indication of the distance between the point of meas- 


urement and the trailing edge of the wing. Hence, 


w(D) = w(0)[1 — exp(— Vro?/4vD)] 


As the term Vro? means the volume of fluid inside the vortex 
tube, it may be considered to be a constant. Taking into con- 
sideration the above, as well as (8), the following equation is 
obtained 


7(D) = afl — ke} /kic = ¥(0)[1 — exp(—a2/D)] 
and 
yO) = a,/[1 — exp(—a2/D)][(1 — k2)/kic] (10) 
Comparing the terms (8) and (10), it will be found that 
A(D) = a,/{1 — exp(—a2/D)| (11) 


The above calibration constants, a; and a2, can be obtained by 
comparing the values of the vortex intensity measured by the 
suggested instrument, and the vortex intensity computed on the 
basis of the lift of the wing. 
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Comment on ‘‘Flow About an Unsteadily 
Rotating Disc”’ 


Pau-Chang Lu 
Graduate Assistant, Department of Mechanical Engineering, 
Case Institute of Technology, Cleveland, Ohio 


June 15, 1960 


A RECENT ARTICLE by Sparrow and Gregg! solves the unsteady 


flow about a rotating disc with varying angular speed by 
It would 
be of interest to compare their results with some cases where 


computing the deviations from the quasi-steady state. 


exact solutions are possible. One such case has been found and 
is described in the following. 
It w of the disc is described as 


w = a(t + ae) (1) 


where a, > 0, we can write 


7 = 2(1/aer)' ? (2a) 
rt = t/a (2b) 
V, = rF(n, 7)/a2 2c) 
Vo = rG(n, r)/a2 (2d) 
V. = (v/az)"? H(n, + (2e) 
Pp = uP(n, 7)/a2 (2 
and the system becomes, for sustained motion, 
2Hynn — 2Hy, — 2HHyn + Hy? — 4G? = 0 (3a) 
G, — H,G + HGy — Gry = 0 (3b) 
n= ©; H,=G=0 (3c) 
7 = 0 H = H,=0, G=a,r+1)7 (3d) 
Py = Hy, — H, — HH, (3e) 
F = —H,/2 (3f) 
where the subscripts indicate differentiations 
Now introduce the “‘similarity’’ parameter 
— =r + 1)-"* (4a 
and write 
H = (r + 1)7"? h(é) (4b) 
G = a(r + 1)7! g() (4c) 
The system is then further reduced to 
2h’ + th” + 2h’ — 2hh” + h’? — 4a,2g? = 0 (5a 
2g” + tg’ + 2h’g — 2e’h + 2g = 0 (5b 
AO) = k’(0) = ko) = 0 (5c) 
g(0) = land g(~) = 0 (5d) 


which can be solved numerically. 


REFERENCE 
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Calculation of Flow-Variable Gradients 
Behind Curved Shock Waves 


Nathan Gerber and Joan M. Bartos 
Ballistic Research Laboratories, Aberdeen Proving Ground, Md. 
June 16, 1960 


| Garten OF THE GRADIENTS and contour slopes of flow 
variables behind curved shock waves is useful in the in- 
vestigation of a number of problems. (The flows are assumed 
to be steady, nonviscous, and isentropic along streamlines. ) 


The determination of these quantities has been treated in pre- 
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vious papers —e.g., references 1,2, and 3. Some tables for deter- 
mining streamline curvature and pressure gradient along the 
streamline are available for two-dimensional flow! ?; aside from 
these, no extensive calculations of shock-gradient functions 
have, to the authors’ knowledge, been hitherto published. 

Computation of the following quantities is considered in refer- 
ence 4: (1) streamline curvature, (2) velocity gradient along 
streamline, (3) angle between streamline and density contour, 
and (4) angle between streamline and Mach number contour 
These are found to have the following simplified forms (in the 
notation of Fig. 1): 

06/0s = F\K, + eF2/r, (1/q)(0g/0s) = FiKs + €F;/r 


FsK, + eF;/r F;K, + €F;/r 


mf —— tang = — - 

F.K, es eF; r FiK, — eF; r 
where « = O for two dimensional, and e¢ = 1 for axisymmetric 
flow, A, is the shock-wave curvature, J/, is the free-stream Mach 


number, and y is the ratio of specific heats; Fi, Fa, . , F; are 
functions of 14, 8, and y. It is seen that for axisymmetric flow 
the usefulness of the gradient functions is restricted because of 
the presence of the 1/r term; one can no longer, as in two-dimen- 
sional flow, obtain certain quantities (e.g., slope of sonic line) 
without having to specify the values of r and Ky. 

The simple form of the above expressions suggests the practica- 
bility of a compilation of the coefficients of K, and 1/r. To this 
end, reference 4 provides a comprehensive series of tables of the 
functions F,, Fo,..., F;,@, and M versus 6 for 7 = 1.4, with the 
parameter J/, ranging from 1.1 to 10.0. The listed values of 
M, and B were chosen so as to permit the determination of the 
functions to a reasonable degree of accuracy by means of graphical 
interpolation. It should be noted that these tables are appli- 
cable to both weak and strong shock waves in two-dimensional 
and axisymmetric flows. 

Fig. 2 shows an example of results obtainable from these calcu- 
lations. The right-hand curve shows the variation in slope of 
the constant-density lines along the shock wave of a supersonic 
sphere in nitrogen (shown at lett) determined from shock-wave 
coordinate measurements and the appropriate shock-gradient 
functions. This information is useful in evaluating the flow 
fields about supersonic missiles from interferometer measure- 


ments.5 
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stant-density lines along a detached shock wave. 
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Fic. 3. Variation of angle between streamline and sonic line at 
shock wave. 


Fig. 3 shows plots of the variation of f.onic, the angle between 
the streamline and Mach number contour at the sonic point 
For two-dimensional flow, the sonic line has a smaller slope 
than the streamline; for axisymmetric flow, the figure indicates 
the possibility of the sonic line having a slope greater than that of 
the streamline. 

Additional applications for these tables can be found. For 
example, reference 4 contains a graph showing the geometrical 
conditions which must hold at the “Crocco point,” the point 
where the streamline curvature is zero 

The functions /,, F, , F;, €, and J are programed for 
computation by the EDVAC in the Ballistic Research Labora 
tories, and they can be obtained quickly for any particular 
case of supersonic flow by specifying 4, and y in the computing- 


machine input. 
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A Further Discussion of the Limiting 
Circulatory Lift of a Finite-Span Wing 


Franklyn J. Davenport 
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June 20, 1960 


r I SHE JET FLAP’S ability to generate extremely large circulation 
lift coefficients has led to the exploration of limitations to 
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Geometry of trailing vortex system and induced ve- 
locity. 


Fic. 1. 


circulation lift inherent in the nature of the finite-span vortex 
The key step in analyzing this problem is to discard 
the classical assumption that the vortex sheet may be considered 
to lie in the plane containing the lifting line and the free-stream 


system 


velocity vector. It then becomes necessary to account for the 
reduction in velocity at the lifting line caused by the tilt of the 
induced velocity. 

The most rigorous approach is to consider the flow in a Trefftz 
plane far downstream of the lifting line, through which the 
If it is assumed that the lifting 


line is elliptically loaded and that the shed vortices remain in a 


» trailing-vortex system passes. 


sheet, it can be shown that 
Cr. = (7A/2) sin e[1 — (sin? €)/2] (1) 


where ¢ is the angle between the vortex sheet and the free-stream 
velocity at the Trefftz plane, and is equal to sin! (T%/bU), 
where I) is the mid-span strength of the lifting vorticity. The 
limiting Cy, is then 


Chiim (7A /3)V 2/3 = 0.855 A (2) 


Helmbold! goes on to consider the more realistic case where 
the vortex sheet has rolled up into a pair of vortex cores, and 
shows that if the momentum and kinetic energy per unit length 
of the vortex system are conserved in the rolling-up process 


Cr = (9A /4) sin 6[1 — (22/4) sin? 6] (3) 


where 6 is the angle of the axes of the vortex cores with respect 
to the free stream, and is equal to sin~! (2M%/7?bU). 
This gives 


Chim = 7? A/(3V/3) = 1.90A (4) 


McCormick? approaches the problem by directly considering 
the induced flow at the lifting line. Making the assumption 
that the inclination of the vortex system (and, therefore, of the 
induced velocity) is equal to the downwash angle at the lifting 
line, it follows that 


Cri = (7rA/2) sin e[1 — (sin? €)/4] (5) 
which gives 
Chim = 27A/(8V/3) = 1.214 (6) 


Hancock* notes the discrepancy between the results of the 
Trefftz-plane approach and McCormick’s method, and advances 
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several possible explanations of the fact that circulation C,’S 
considerably greater than the limit according to Eq. (2), have 
been achieved in jet-flap tests,45 but he does not challenge 
McCormick’s analysis directly. 

The results of an analysis based on the flow near the lifting line 
are quite sensitive to the assumptions concerning the inclination 
of the vortex sheet in the vicinity of the wing. In particular, 
the inclination chosen by McCormick is implausible becaus« 
it neglects the effect of the bound vorticity on the streamline 
pattern just behind the wing. Fig. 1 indicates that the tilt of 
the induced-velocity vector should be at least as great as e, the 
downwash angle far downstream, (or twice a;, the induced angle 
at the wing). 

Consider an elliptically-loaded lifting line having a mid-span 
circulation Ty. The magnitude of the downwash at the lifting 
line is 


w = 1o/2b = (U sin e)/2 (7 
and its inclination is (at least) 
e = 2a; = sin=(T)/bU) (8 
Then the horizontal velocity at the lifting line is 
V = U[1 — (sin? €)/2] (9 
The lift on the wing is 


L = pVIo(rb/4) (10) 


Cr = (27A/2) sin € [1 — (sin? €)/2] (11) 
This is identical to the result obtained by the Trefftz-plane 
approach (Eq. 1). 

Next, consider the case when the vortex sheet has rolled up 
into a pair of vortex cores. For elliptical loading, the distance 
bet ween the centers of these cores will be 7b/4, and the downwash 
angle induced by each vortex at the other is 


6 = sin! (2To/7?2bU) (12) 
so 
sin € = (27/2) sin 6 (13) 


If it is assumed that the average downwash velocity at the 
lifting line is still given by Eq. (7), but that the angle of inclina- 
tion is now 6 instead of e, then 


V = U[1 — (22/4) sin? 5] (14) 
which leads to 
Cr = (7A /4) sin 6[1 — (2?/4) sin? 6] (15) 


This is identical to Helmbold’s result (Eq. 3). 

The highest value of circulation C;, observed by Lockwood, 
Turner, and Riebe® in their jet-flap investigations is roughly 
two times the aspect ratio of the wing tested, which tends to 
confirm Eqs. (3) and (4). It is, therefore, suggested that no 
discrepancy between the analysis based on conditions at the 
airfoil and that based on the flow far downstream should appear 
if the inclination of the induced velocity is properly specified. 
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Further Studies on the Local Elastic 
Deformations of Honeycomb Faceplate 
Subjected to Uniaxial Compression 


R. C. Weikel and A. S. Kobayashi 

Research Specialist, Boeing Airplane Company, and 
Assistant Professor of Mechanica! Engineering, 
University of Washington, respectively, Seattle, Wash 


June 27, 1960 


INTRODUCTION 


T° constructing high-temperature honeycomb panels, the 
brazing process frequently leaves the honeycomb faceplate 
permanent local deformations known as “‘intracell de 
formation.’”’ Such initial faceplate deformations in each honey- 
comb cell will affect the deformations of the 


honeycomb panel under compressive load, and reduce its load 


with 


resultant local 
carrying capacity appreciably. 

The objective of this note is to investigate these resultant 
deformations of a honeycomb panel under compressive load 
initial intracell deformations. 


with such 


METHOD OF APPROACH 


The assumption made in this analysis are identical to those 
made in reference 1. In addition, the faceplate and honeycomb 
core are assumed to behave elastically at all times, thus eliminat- 
ing the need for an elastic-plastic analysis. Marguerre’s funda- 
mental equations for the large deflection of thin plates with 
small initial curvature are used here with a slight modification 
in the lateral force equilibrium equation to account for the 
elastic spring-back forces due to wrinkling deformation of the 
honeycomb faceplate. These equations are (see reference 2) 


4F = Flew . = © Tn L Des, Oasys 
V F = E[w,zy WrrrW yy TT <Wyry Wyry 


Viw = (h/D)(—(kw*/h) + F,,,(w + w),zz 
where F is a stress function defined in terms of the plane-stress 


components as 

o, = F yy, oy = Faz, try = — Fry (2) 
and h, E, D are thickness, modulus of elasticity, flexural rigidity 
of the faceplate, respectively 


0 w*, w” are resultant lateral, initial intracell, intracell 


WwW, Ww, Ww’, 
and wrinkling deformations of the faceplate, respectively. 
The force boundary conditions to be satisfied for the uniaxial 


compressive loads of N per unit length, as shown in Fig. 1, are 
N h (o/2 | 
=— Fryy dy 
o/2 b —b/2 x t+b/2 
N h b/2 ; 
a Fizz 
/2 ee y= +b/2 


dx 


2h /2 
h HW 
| dx 
b J -b/2 y+b/2 


The displacement boundary conditions are satisfied by repre- 
senting this lateral deformation by a double Fourier series in 
which all terms of the series satisfy the prescribed boundary 
¢ nditions. As an approximation, only the first term in these 
ourier’s series are considered, and the following lateral de- 


iormations are obtained. 


w? = A° cos (rx/b) cos (ry/b), wY” = A” cos [x(x — y)/2b] (4) 
w*' = A'cos (rx/b) cos (ry/b), w =w' + w 


where A® is the known amplitude of the initial intracell de- 
formation, while A‘ and A” are the undetermined amplitudes 
of intracell and wrinkling deformations. 

Substituting Eq. (4) into the first equation of Eq. (1 
biharmonic equations in terms of A®, A‘, and A”. Representing 
a particular solution for the biharmonic equations as F\, anda 


yields 
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general solution of V‘F = 0 as F;, then the general solution of 
F = F, + Fr,is obtained. This F must satisfy the force boundary 
conditions or Eq. (3), which allows the determination of the 
arbitrary constants in F, or F. Again taking only the first-order 
terms of the F,; which is a product function of hyperbolic and 


trigonometric functions, the resultant F becomes 


z 


,oydthet 














tat or 


coefficient versus amplitudes of deformation 
kb?/D = 100 


| 
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Fic. 2. Load 
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: Bt. mx + 3y) m(3x + y) 24x 2Qry]l 
F=-—- 95 ; +A | eos Ob + cos 2b ] + A(A'+A | eo b + cos b | + ; 
(9) 
Nb? 2Qax 2ry 2Qrx 2ry F 2ax . 2ry _ 2Qax . 2Qry 
2 cosh cos — + cos cosh —— + sinh sin + sin sinh 
8V/2rh sinh x b b b b b b b b 


Finally, for the determination of A‘ and A”, Galerkin’s method is applied to the second equation of Eq. (1), after substituting Eqs 


(4) and (5) into it. This requires that 


es age ae re F 
: w=— - ryy\W W),22r — Fyre(w 
oJ —b/2e 6/2 { D h ; ; . 


wx Ty 
+ w),y, — 2F,2,(w + wut cos F cos ; dx dy = 0 
) ) 


(6) 


9 J ” 5 
»b/2 ee h kw : ' m(x — y) 
<Viw — ~— + F,y,(w + w),22 — Fyrr(w + w),yy — 2F,2,(w + w),zy | 7 cos dx dy = 0 
ae ae D h f 2b 


Eq. (6) then becomes two simultaneous equations involving 
the third powers of A‘ and A” and also the load coefficient, 
Nb?/D, and the apparent coefficient, kb4/D. 
kb*/D and A°, At and A” can be computed from Eq. (6) for any 
The actual computation of A‘ and A” is lengthy 


Thus, for known 


given load N 
and involves the use of a digital computer, and a reasonable 
judgment in detecting the correct solution among the multiple 
roots of A‘ and A”. 


RESULTS 
The solutions of A‘ and A” of Eq. (6) are shown in graphical 
form in Figs. 1 and 2. It is noted that an increase in the initial 
deformation of 0.1h to 1.0h results in approximately 1/3 reduction 
in loads. Another interesting result is that for a low-apparent 
spring constant of kbt‘/D = 100, the wrinkling deformation is 
At high loads, 


however, the wrinkling deformation becomes larger than the 


lower than the intracell deformation at low loads. 


intracell deformation, and thus the honeycomb panel will ulti- 
mately fail due to wrinkling deformation. 
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Chordwise-Bending Effects on 
Wing-Vibration Modes 


John C. Glasgow and James L. Cronin, Jr. 


McDonnell Aircraft Corp., and Associate Professor, 
St. Louis University, St. Louis, Mo., respectively. 


June 21, 1960 


SYMBOL 


a; = rotation in the vertical plane of the ith idealized wind section 
hj = vertical motion of the ith idealized mass of the wing 
mi = mass of the ith idealized wing section 
I; = moment of inertia of the ith idealized wing section 
qi = generalized coordinate describing the vertical displacement of 
point ‘7’? on the structure 
w = circular frequency of the vibrating system 
kij = stiffness influence coefficient of the wing expressing the force 
required at point ‘‘i’’ to produce a unit defiection at point ‘‘j”’ 
Cij = flexibility influence coefficient expressing the deflection of point 
““j"’ due to a unit load applied at point “i” 
{| ] = rectangular matrix 
{ | = column matrix 
[~ ] = transpose of a rectangular matrix 
I\\] = square diagonal matrix 
INTRODUCTION 


5 ies LOW-ASPECT-RATIO wing used on present-day aircraft 
has done much to alter the approach to the description of 
wing vibrations. 
often been neglected in wing-vibration solutions can now become 
Methods have been developed by Levy! and 


The chordwise-bending parameter which has 


significant. 
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Fic. 1. Comparison of wing-vibration modes with two variations 


in rib stiffness. 


Turner? for the description of the stiffness properties of this type 
of structure by influence coefficients which include rib stiffness 
as a parameter. A method is proposed herein for the solution 
of this type of vibration problem including the effects of rotary 
inertia. 


ANALYSIS 

The wing or surface is idealized as being composed of rigid 
sections corresponding to the ribs or spars in the wing planform 
and hinged at the intersection points (rib-spar intersections). 
The weight of the surface being analyzed is considered to be 
distributed along these rib or spar sections, thus assigning a 
mass and moment of inertia to each idealized section of the wing. 
The hinged intersection points are considered to be restrained 
to act in accordance with the flexibility influence coefficients 
determined for the structure at these same intersection points. 








wh 


wh 


as] 
10 
sh 
m« 
fre 
on 
ne, 
ink 
ib 


wl 


ve 


flo 
wl 


th 
th 


for 








READERS’ 


Choosing a set of generalized coordinates to describe the 
vertical displacements of the intersection points will allow the 
description of the vertical translations and rotations of the 
idealized wing sections to be made in terms of these coordinates 
Lagrange’s equation for the vibrating system is now written in 
terms of the idealized section mass and moment of inertia, and 
the stiffness influence coefficients (which are the inverse of the 
flexibility influence coefficients) in the following matrix form: 


HB . H P [2] 7 | 2] ml 
Og ite Og Og ‘ Og 74 = 
fs Pet 


ll 


where 


1, [>] 
| 7 Og 


and h; and a, are the vertical translation and rotation, respec 
tively, of the 7th idealized mass and moment of inertia particle 
of the surface 

Employing the harmonic substitution and multiplying through 
by the flexibility-influence-coefficient matrix yields 


[ ] Bi fo] [2 | . [2] pe 04% 
™ Log - Og Od ' Og ha Pry | 


which may be iterated to obtain the final result 


CONCLUSION 

The above method was employed on a simplified surface of 
aspect ratio one. The rib stiffness was varied by a factor of 
10 with the spars and skin held constant, and the resulting mode 
shapes and frequencies were compared. The third and fourth 
modes of vibration were found to vary considerably in shape and 
frequency, as shown in Fig. 1, indicating the effect of rib stiffness 
on the vibration characteristics. Solutions were obtained 
neglecting the effect of rotary inertia, and compared with those, 
including these effects. The frequency was found to increase by 
ibout 9 per cent in the third and fourth modes of vibration, 


when rotary-inertia effects were neglected. 
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@' Low viscous FLOW through cones has been considered by 
kK several authors (cf. Bond!), but it appears that the flow 
t .rough a channel bounded by two coaxial cones has not yet 
veen considered. It is the cbject of this paper to consider such 
flow 

Let the boundaries of the channel be @ = a and @ = 8 (8 > a) 
where (7, 8, ¢) are polar coordinates. Firstly, it is assumed that 
the streamlines are straight lines diverging from the origin (i.e., 
the common vertex of the cones); so that 


* The author wishes to thank Professor B. B. Sen of Jadaupur University 


for his kind help in this work 
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u = f(0)/r?, 1 0; @ 0 
(u, v, w) being the velocity components. Secondly, the motion 
is assumed to be slow, such that the inertia terms may be ne- 
glected 
Then the polar equations of motion reduce to 


1 Op O7u 2 Ou cot 6 Ou 1 O*u 2u 

0 _ 1» es 4 r a (1) 
por or? r Ov > O86 vr? op" r? 
1 Op 2v Ou 

QV=- , (2) 


p ro@ r? O06 
1 Op - 
pe 
Hence, substituting « = f/r? and eliminating p, we get from Eqs 
(1) and (2) 
F id + f” cot 6 — f’ cosec? 6 + 6f 0 (4) 
A first integral of this is 


” 


f" + f’ cot 0 + 6f +. 0 (5 


The general solution of Eq. (5) is 


f(@) = AP.(cos 6) BQ:(cos 6) — C (6) 
where 6C C, and P2(cos @), Qe(cos 6) are Legendre functions of 
second degree and of first and second kinds, respectively 

Boundary conditions are u O, when 6 a and @ B, i.e., 
f(cos a) = O and f(cos 8 0 
Thus, from Eq. (6), 
AP.(cos a) BQ. (cos a) — C 0 
and 
AP.(cos B) 4 BQ (cos 8) — C Q 
which give A = K,C, B KC, where 
: QV.(cos B) — Q2(cos a 
K, ( 
P.(cos a) QV2(cos 8B) — Y2(cos a P.(cos 8 » 
P(cr Sa)- P.(cos g \ 

P.(cos a) V2(cos B)- V (cos a) P.(cos B 
Therefore, 

f(@) = C|K, P2(cos @6)+K Q.(cos 6) — 1 (8) 


Now if the volume of fluid passing per second radially outwards 


through the channel be denoted by Q 


8 
Q f 2rr sin 6 rdé u 
a 
. p . - - 
2rl sin é [K,P2(cos @6)+K V.(cos 6) — 1| de 
a 
2rCK 
where 


K = [(K,/2) cos 6 sin? @ + (K2/2) X 


{cos @ sin? @ log cot(@/2) + cos? 6} + cos @ 4 (9) 
Therefore, Cc QO/2rK 
Hence, 
[K,P2(cos 6) + K2Q2(cos 6) — 1] Q 
“= onK 2 (10) 
Now, from Eqs. (1), (5), and (8), 
Op/or = (u/r*)(f” +f’ cot @) 
= (—6yn/r*)(f +c) 
—(6u/r*)(KiP2(cos 0) + K2Q2(cos @)|(Q/27rK) 
So 
Op ae 3[KiP2(cos 6) + K2Q2(cos 6)| wQ (11) 
or wK r4 
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~— ae = 1 = = a Tables 1, 2, and 3 show some calculated values of the constants 
ais a snail ' = Ki, Ke, K for different values of a and 8. 
- B = 70° ————— - - . 
a=z=5° a=10° a=20° a=30° a= 40° 
K, 0.6828 0.1397 —0.3123 —0.5755 —0.7864 DISCUSSION 
, ‘ »C)< ~p29 ror 2998 
ry eyo Br Be ripen ae The constant KX, will be equal to zero for channels whose 
ical eee ; boundaries @ and @ are suitably chosen. But the constant K, 
will never be zero for any channel. 
TABLE 2 — For the channels considered here, it can be seen by numerical 
— — - B = 60° -— calculations that the expression K,P2(cos 6) + K2Q2(cos @) is 
a=3° a=5° a=10° a=20° a=30° a=4° always positive and greater than 1. Therefore, 0p/dr will not 
K, 1.1179 0.7977 0.3897 —0.0112 —0.2673 —0.4828 be zero anywhere in the channels; furthermore, it can be seen 
Ke —1.4616 —1.4103 —1.3449 —1.2805 —1.2395 —1.2052 that 0p/dr always has the sign opposite to the sign of u. 
K 0.1932 0.1179 0.0274 —0.0403 —0.0560 —0.0474 : ; igs : . 
nie i = Seances eatin Again, from calculations, it is seen that in a channel for which 
the constant K is positive, u has the same sign as Q; but in a 
TABLE 3 channel for which K is negative, u has the sign opposite to the 
Asians SMAI cococtacaperonass sign of Q. 
a = 5° a = 10° a = 20° a = 30° 
Ky 0.8645 0.5535 0.2043 —0.0368 REFERENCES 
Ko —0.9696 — 1.0099 — 1.0553 — 1.0864 
K 0.0314 —0.0540 1 Bond, W. N., Philos. Mag., Vol. 50, pp. 1058, 1925. 


—0.0120 —0.0440 











— 2 Harrison, W. J., Proc. Cambridge Philos. Soc., Vol. 19, p. 312, 1916-1919. 
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